Spectral Theory for p-adic Banach 
Representations and p-adic Quantum Theory 



University of Tokyo, Tomoki Mihara 

Contents 

1 Introduction [J 

2 Basic Notions S 



3 Three Reductions 19 



4 Functional Calculus and Unitary Diagonalisability |22 



5 Reductively Infinite Operator |32 



6 Reductively Finite Operator |35 



7 Unbounded Normal Operator |53 



8 Appendix |61 



Acknowledgements ITO 



References 70 



1 Introduction 

Throughout this paper, denote by p e N the characteristic of the residue field, Definition 
I2.30l and Definition 13 .![ of the base field k. The p-adic analysis sometimes appears in the 
modem physics. For example, the adelic analysis is essential in Feynman's adelic path 
integral. People are usually accustomed to the Euclidean geometry because our world is 
somehow built on a topological space locally isomorphic to an affine space R", but there 
is no reason one has to restrict all topologies which arise in physics to the Archimedean 
ones. A physical quantity Ti might just be the real part of some complex physical quantity 
Ti + zT2, and the imaginary part T2 might affect other physical quantity even though there 
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is no method to observe it. The same might be true for an adelic number. There might be 
a physical quantity which takes values a = (floo, fl2, «3, «5, • ■ • , ■ • ■ ) in the adele 



Aq := I a e 1. X Q2 X Q3 X Q5 X • ■ • X Qp X ■ • ■ # | p e N | p is prime, \ap\p > 1 | < 00 



and only whose real entry 6 R- people can observe. In particular in Quantum Me- 
chanics, an ideal observation always acts on the observee, and it forces to change the 
physical state from the previous one according to the projection postulate. Therefore the 
fact that people can only observe real- valued ones does not justify the assumption of the 
reality of all physical quantities. Thus the p-adic analogue of theories in physics itself 
is significant, and constructions of p-adic models of mechanics are meaningful. We will 
give one of the explicit formulations of the /)-adic Quantum theory in Definition I4.30[ 
Definition gm Definition gill and Definition [TM 

Now in the Schrodinger picture of the ordinary (Archimedean) Quantum theory, 
physical states and observables are presented as state vectors in a Hilbert space evolv- 
ing in time and constant self-adjoint operators on it. In finite dimensional cases, a self- 
adjoint operator and a normal operator corresponds to a Hermitian matrix and a normal 
matrix. The reason an observable should be presented by a self-adjoint operator rather 
than a general operator in a wider class is very simple. A closable operator T admits the 
spectral measure dEr which gives the spectral decomposition 



if and only if it is normal, and a normal operator has real-valued spectrum if and only 
if it is self-adjoint. In finite dimensional cases, these properties are translated as the di- 
agonalisability of a normal matrix by a unitary matrix and the reality of the eigenvalues 
of a Hermitian matrix. An eigenvector of a fixed observable is an eigenstate, namely, a 
vector state in which the observed value of it is determined, and the diagonalisability by 
a unitary matrix guarantees that a vector state can be uniquely presented as a linear com- 
bination of normalised orthogonal eigenstates. Thus the self-adjointness indicates the 
reality of observed values of an observable, the principle of the quantum superposition, 
and Bom rule. 

On the other hand, consider the non-Archimedean analogue of Quantum theory. 
There seems to be no canonical involution on the non- Archimedean base field k. Why 
not? An involution has a strong relation with a formally real field such as hyperreal 
field in the non-standard analysis, but a p-adic field is never formally real. The non- 
Archimedean property of an order and the non- Archimedean valuation conflict in the 
mixed characteristic case. To tell the truth, there is a non- Archimedean ordered non- 
Archimedean valued field with non-mixed characteristic (0, 0) such as Levi-Civita field, 
which is a formally real extension of the real Puiseux series field in the Archimedean 
Novikov field, but it is not useful for "p-adic" model of Quantum theory. 

By the absence of a canonical involution, there is no corresponding notions of reality 
and positivity work. In particular, a symmetric inner product on a ^-vector space does 
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not gives a norm in general. Example 18 .ll in Appendix might help a reader to understand 
what happens. Note that we do not mean that a symmetric inner product on a vector 
space never gives a norm, and indeed, in rare cases such phenomena occur. There is 
an example in Appendix. See Proposition 18.21 Such a construction of an inner product 
which generates a norm does not work in the case of higher dimensional ^-Banach spaces 
than 4 when ^ is a local field, and hence in particular the p-adic Hilbert space 



k, a;) := { / := (fdie, e k' lim \cOiff\ = } 



associated to a countable index set / and a weight co = (wO/e/ 6 k' is equipped with the 
canonical norm 

\\-\L: ^\l,k,aj) ^ [0,oo) 

f ^ ll/IL := sup lojif^l 



and the canonical symmetric inner product 
<• 



^\l,k,a))®k^\l,k,oj) ^ k 



iel 



which are not compatible if #/ > 4. Therefore it is doubtful that the analogue of Bom 
rule 



AeU AeU AeU 



6 [0, c») 



of an Archimedean observable A with discrete intersection U n aag^(y){A) c R surely 
makes sense in the model of p-adic Quantum theory in p-dAic Hilbert space. The analo- 
gous equalities 

i Y^Aeui -A I Pa{X) I «A ) e ^ 

i:Aeu\{^\PA{^)\^)\ e[0,Oo) 
\LAeu{^\PAW\^)\ e[0,Oo) 

{AeU) = \ Y^Aeu \\PA{m\ e [0, ^) 

i:Aeu\\PA{m? e[0,C«) 

max.i.f/ll/'^WII e[0,oo) 
\\T.AeuPAmf e[0,cx,) 

for a non-Archimedean operator A with discrete intersection U n cr<^^(y)(A) c k have 
distinct meanings and totally differ from each other. Furthermore when one considers the 
case of continuous spectrum, he or she has to puzzle over what kind of p-adic integra- 
tions works well. Haar measure, ;?-adic Mazur measure, Coleman integral, Shnirel'man 
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integral, p-adic Mahler measure, or some other p-adic integration or measure such as a 
p-adic L-function? 

Moreover, the absence of the canonical involution causes the difficulty of defining the 
normality or the self-adjointness of an operator. What kind of an operator should one deal 
with as a non- Archimedean normal operator? Or in the first place is there a reasonable 
justification for the assumption that a non- Archimedean physical quantity is presented as 
an operator on a non- Archimedean Hilbert space? Remark that the parallelo gram law 

11/ + ^11 + 11/ -gll = 2(11/11 + ||g||) 
never holds for a non-trivial non- Archimedean Banach space, and the law of cosines 

K/k)l = |ll/ll + llgll-ll/ + gll| 

does not work for a non-trivial non-Archimedean inner product space. As we have al- 
ready shown, non-Archimedean Hilbert spaces are far from Archimedean Hilbert spaces. 
However, a non- Archimedean Banach space is more similar with the underlying Archimedean 
Banach space of an Archimedean Hilbert space than a general Archimedean Banach 
space in some aspect. There is a good class of non- Archimedean Banach spaces, namely, 
the class of strictly Cartesian Banach spaces. Definition [2361 A strictly Cartesian Banach 
space is a non-Archimedean Banach space admitting an orthonormal Schauder basis. 
Definition I2.55[ Furthermore, an isometric automorphism on a non- Archimedean Ba- 
nach space works as a unitary transformation on an Archimedean Hilbert space. We will 
simply define a non- Archimedean unitary operator as an isometric automorphism in §|4l 
Note that a strictly Cartesian Banach space is non-canonically isometric to the Banach 
space of the form Co(/, k) for some countable discrete topological space / by definition, 
and identifying Co(/, k) and =Sf ^(/, k, 1), it admits a non-canonical inner product. We will 
no longer see such an inner product and will forget a structure of a Hilbert space. 

Once one has defined the unitarity of an operator, the normality will be soon for- 
mulated. Consider the finite dimensional case first. A unitary matrix is a matrix whose 
natural representation is a unitary operator with respect to the canonical norm associated 
to the canonical basis. One does not have to take care of the absence of the canonical 
involution now. The non-Archimedean counterpart of the normality of a matrix in the 
finite dimensional case is the diagonalis ability by a unitary matrix. A value of a non- 
Archimedean physical quantity does not have to be "real", and instead one might assume 
the spectrum of the corresponding operator is contained in the base field k. We call such 
an operator a ^-valued operator. Recall that a Hermitian matrix has a Jordan normal form 
concentrated at the diagonal with real-valued entries, i.e. with entries invariant under 
the action of the absolute Galois group {id, *} of 1.. Similarly a A:-valued normal matrix 
has a Jordan normal form concentrated at the diagonal with ^-valued entries, i.e. with 
G-invariant entries, where G is the absolute Galois group of k. A self-adjoint operator 
on an Archimedean Hilbert space corresponds to a fc- valued normal operator on a non- 
Archimedean Banach space. Thus one might not stick to construct a p-adic model of 
the Quantum theory on a p-adic Hilbert space. A strictly Cartesian p-adic Banach space 
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might sufficiently stand in for it. A p-adic physical quantity is presented as a ^-valued 
normal matrix in the finite dimensional case. 

Now consider the infinite dimensional case. How should the normality of a non- 
Archimedean operator A 6 ^tiV) on a p-adic Banach space V be defined without using 
an involution? In the Archimedean Quantum theory again, observables are presented as 
an Archimedean self-adjoint operator on an Archimedean Hilbert space. The normality 
of an Archimedean operator A 6 ^c(^) on an Archimedean Hilbert space V guarantees 
the existence of the spectral measure JEa on the spectrum cr^f,(v)(A) of A which gives the 
spectral decomposition of the observable. Suppose A is bounded and hence its spectrum 
is compact for convenience. The spectral measure induces the continuous functional 
calculus 



namely, the unique isometric C-algebra isomorphism sending the coordinate function 
z: (T^j,(y)(A) C to the operator A. We extract this property, and hence we define 
the normality of an operator on a p-adic Banach space as the existence of the continuous 
functional calculus. A p-adic physical quantity is a ^-valued normal operator on a strictly 
Cartesian p-adic Banach space. Definition 14.311 and Definition 17. 24[ 

One has to consider how to justify the continuous functional calculus, namely, the 
substitution of an operator to a continuous function. One of the most basic method is the 
use of the spectral measure. Note that the proof of the existence of the spectral measure of 
an Archimedean normal operator heavily relies on the real and complex analysis: for ex- 
ample, the regularity of the resolvent operator, the harmonic analysis, the Stieltjes integral 
of a bounded variation function, the existence of a monotonously increasing sequence of 
continuous functions pointwise converging to a characteristic function, Riesz representa- 
tion theorem, and so on. These basic analysis rely on the fundamental properties of the 
topology of the real line: for example, the existences of the notions of convexity, posi- 
tivity, arcwise-connectedness, and so on. To tell the truth, a formulation of the spectral 
decomposition of a bounded analytic operator with compact spectrum has been already 
given by Vishik in his paper, HVisL but it just yields kind of the holomorphic functional 
calculus analogous to Riesz functional calculus. Can the assumption that an operator is 
analytic and has compact spectrum be removed? Can it be extended to the continuous 
functional calculus? How about extending it to that of an unbounded operator? They are 
a little complicated. The functional calculus in his work uses Shnirel'man integral, which 
is a non- Archimedean analogue of Cauchy integral of an analytic function introduced in 
UShnL and the assumption that an operator is analytic and has compact spectrum is heav- 
ily important there. The assummption of the boundedness is also essential there, because 
a non-Archimedean Banach space is not necessarily reflective. The reason why the spec- 
tral measure works well in the continuous functional calculus in the Archimedean case is 
because an Archimedean Hilbert space is reflective. The equality 
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for each g e A and h e might determine an operator /(A) on V^^, but it is difficult to 
calculate the domain of it when its codomain is restricted on the weakly dense subspace 
V c V^^. When A is densely defined, is /(A) also densely defined after the restriction? 
Remark that an infinite dimensional strictly Cartesian Banach space is not reflective be- 
cause the natural multiplication Cbd(/, k) % Co(/, k) Co(/, k) for a countably infinite 
index set / gives the inclusions Co{I,k) c Cbd(/, fc) c Co(/, fc)^, the first inclusion of 
which is obviously not surjective. Note that assigning some suitable conditions to an 
operator, there is an extension of the result of Vishik by Dodzi Attimu and Toka Diagana 
in HADL but the aim of their works is different from mine. One of the aims of my work 
is the formulation of the continuous functional calculus, and therefore we construct the 
spectral theory with another method than the use of Vishik's spectral measure. 

Be careful that the term "continuous functional calculus" is a little ambiguous in 
the non- Archimedean situation in the following sense: To begin with in the Archimedean 
case, the spectrum cr of a bounded operator is a bounded closed subset of the locally com- 
pact metric space C, and hence is compact. Therefore the rings Co(cr, C) c Cbd(c, C) c 
C(cr, C) coincide with each other. On the other hand in the non- Archimedean case, the 
spectrum cr of a /^-valued bounded operator is a bounded closed subset of the complete 
ultrametric space k which is not necessarily locally compact, and hence is not compact 
in general. Therefore the rings Co(cr, fc) c Cbd(o", A:) c C{cr,k) may differ from each 
other. The ambiguity occurs in the choice of the ring for the domain of the continuous 
functional calculus. Which one is suitable domain for the p-adic continuous functional 
calculus? The first ring Co(cr, k) is a non-unital Banach fc-algebra, but does not contains 
the coordinate function z'- cr ^ k when cr is non-compact. The second ring Cm(o-, k) 
is a Banach ^-algebra contains the coordinate function z but is so large that the locali- 
sation of k{z\ c Cbd(cr, k) by functions in k{z\ n Cbd(c, kY is not dense in general. The 
third ring C(cr, k) is too large and does not admits a canonical norm compatible with the 
supremum norm of Cbd(cr, fc). The density of the localisation of k\z\ is essential for the 
uniqueness of the continuous functional calculus, and hence we will use the other appro- 
priate closed A:-subalgebra densely containing k\z\, namely, the closure Cng{cr,k) of the 
localisation of k\z\ in Cbd(cr, The continuous functional calculus for an unbounded 
non-Archimedean operator is still more complicated because a unbounded closed subset 
of k is not cr-compact, while an unbounded closed subset of C is countable at infinity. 
Remark that the self-adjointness of an Archimedean operator guarantees the existence of 
the Borel functional calculus, which is stronger than the continuous functional calculus 
of a normal operator, but we do not use this property for the definition of a p-adic ob- 
servable because there is few differences between the class of p-adic Borel-measurable 
functions and the class of p-adic continuous functions. Recall that a non-Archimedean 
field is totally disconnected and hence the ring of p-adic continuous functions on a topo- 
logical space, which one may assume is totally disconnected and compact Hausdorff by 
Proposition I2.46[ possesses enough projections. Thus a non-Archimedean commutative 
C*-algebra, where we mean a commutative uniform Banach fc-algebra isometrically iso- 
morphic to the ring of continuous functions on a totally disconnected compact Hausdorff 
space, is much similar with an Archimedean commutative von Neumann algebra than 



6 



an Archimedean commutative C*-algebra. See examples and propositions in 32] such as 
Example [236] for the properties of non- Archimedean commutative C* -algebras. 

The main themes of this paper is to establish the sufficient conditions for the normality 
of a /)-adic bounded operator, and is to give an explicit definition of the normality of a 
p-adic unbouded operator. We will observe the necessary conditions for the normality in 
Proposition l4.22[ Proposition l4.38[ and Proposition |6.19l relating to the normal reduction, 
Definition 13. 1[ We will add some algorithmic condition to them, and then will obtain 
our main results. Theorem 15.21 Theorem 16.71 and Theorem 16.221 Now we finish the 
introduction showing the common features and the differences of the normalities of an 
Archimedean operator and a non-Archimedean operator. We prepared various specific 
examples for them in ^ Appendix. 

In the Archimedean case, the most basic examples of normal operators are a self- 
adjoint operator, a skew-self-adjoint operator, and a unitary operator. Conversely since 
the involution is diagonalisable, a normal operator is uniquely decomposed into the sum 
r -I- 5 of two commuting operators one of whom is a self-adjoint operator T and the 
other one of whom is a skew-self-adjoint operator S , and a skew-self-adjoint operator S 
is presented as an operator of the form iT' by the unique self-adjoint operator T' . There- 
fore self-adjoint operators are one of the most essential class of normal operators, and 
let us think about non- Archimedean counterparts of Hermitian matrix first. Recall that 
a real symmetric matrix is a complex Hermitian matrix, and hence the simplest alter- 
native might be a />-adic symmetric matrix. However, we have an example of a p-adic 
symmetric matrix which is not diagonalisable. See Proposition 18. 3[ 

There is another non- Archimedean analogous notion of a Hermitian matrix. The di- 
agonalisability of an Archimedean normal matrix is easily verified by calculating the 
canonical inner products of its eigenvectors, because the adjoint property of the involu- 
tion with respect to the inner product directly implies the complete reducibility of the 
linear representation by it. Similarly, if a non- Archimedean vector space has a good in- 
ner product, the adjoint property determines an involution. An invariant matrix of the 
non- Archimedean non-canonical involution behaves like a Hermitian matrix, and is di- 
agonalisable by a unitary matrix in many cases. See Definition 18. 4[ Proposition 18. 5[ 
Definition [83] and Proposition l8.7[ The last one gives the direct application to the p-adic 
Pauli matrices. 

Example 1.1. Suppose p = 3 [mod.4] and k = Fp. Let K/k be the unramified Galois 
extension k\X\l{X^ + \) and i 6 K the image of X e k\X\ the canonical projection 
k{X\ K. Set 

^-=(? o)'^-=( / (o -i)^^^(^) 

and call them the p-adic counterparts of the Pauli matrices. Then the p-adic Pauli ma- 
trices are diagonalisable by distinct unitary matrices in K. 

Note that even if p = 1 [mod.4], the p-adic Pauli matrices are defined in the same 
way replacing ^ by ^ itself and fixing a square root / of -1 in k, and are diagonalisable 
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by distinct unitary matrices in k. However if p = 2, obviously the p-adic Pauli matrices 
do not work. 

2 Basic Notions 

Definition 2.1. Let G be an Abelian group. A seminorm on G is a set-theoretical map 
II • II : G — > [0, oo) : fl i-> ||fl|| satisfying the following. • 

(i) ||0|| = 0; and 

(ii) \\a - b\\ < \\a\\ + \\b\\for any a,be s^/. 

A seminorm gives G a structure of a pseudo-metric space with respect to which G is a 
topological group in a natural way. A seminorm is said to be a norm if it satisfies the 
additional condition 

(i) ' \\a\\ = if and only if a = 0, 

which is stronger than (/). A norm gives G a structure of a metric space. A seminorm is 
said to be non-Archimedean if it satisfies the additional condition 

(ii) ' \\a - b\\ < max{||a||, ||l?||}/or any a,b £ s^, 

which is stronger than the condition ( ii). A non-Archimedean norm gives G a structure 
of an ultrametric space. 

In fact one did not have to assume that the underlying group G is Abelian. The reason 
why we assumed this is because we always consider the case that G is the underlying 
additive group of a ring. 

Example 2.2. Let G be an Abelian group. The trivial norm on G is the norm || • || : G ^ 
[0, oo) determined by the additional condition 

(i)" \\a\\ = I for any non-zero element a G ^ and ||0|| = 0, 

which is stronger than the conditions ( i) and ( ii). The trivial norm is one of the most 
important example of non-Archimedean norms. 

Definition 2.3. A seminormed Abelian group is data (G, || • ||) of an Abelian group G with 
a fixed seminorm || • || : G — > [0, oo). The Abelian group G and the seminorm || • || are 
called the underlying group and the seminorm of(G, || • ||). We usually write G instead of 
(G, II • II) /or short. A seminormed Abelian group is said to be a normed Abelian group 

(or non-Archimedean) if its seminorm is a norm (resp. non-Archimedean). For a normed 
Abelian group, endow its underlying group with the metric topology given by the norm. 
A normed Abelian group is said to be complete if its underlying metric space is complete. 
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Definition 2.4. Let (G, \\-\\)be a seminormed Abelian group. For a positive real number 
r > 0, set 

G{r) :={^eG|||g||<r} 
G(r-) ■.= {geG\\\g\\<r}. 

If {G,\\ • II) is non-Archimedean, both G{r) and G(r-) are clopen subgroups of G, and 
(G(r), II • II) and (G(r-), \\ • ||) are seminormed groups. 

Definition 2.5. Let G and H be seminormed Abelian groups. A group homomorphism 
f: G ^ H is said to be bounded iff satisfies sup^g^^) ||/(g)|| < 

Remark 2.6. A bounded group homomorphism is continuous. 

The ultrametric has much better properties than Euclidean geometrical spaces in the 
analysis. For example, the convergence of a sequence is much more simplified. 

Lemma 2.7. For a complete ultrametric space {X, d), a sequence (x„)„6N ^ ^ converges 
if and only j/lim^^oo d{Xn, Xn+\) = 0. 

Proposition 2.8. For a complete non-Archimedean normed Abelian group G, a sequence 
{gn)nm eG^'Uora series Zn^Ngn) converges if and only if lim„^j^ ||g„ - g„+i|| = (resp. 
lim„^oo \\g„\\ = 0). 

Proof. Trivial. □ 

A seminorm also works for a ring in the way its addition and multiplication are con- 
tinuous with respect to the induced pseudo-metric topology. 

Definition 2.9. Let ^ be a ring. A seminorm on ^ is a seminorm || • || : ^ ^ [0, oo) on 
the underlying additive group of satisfying the following: 

( Hi) 1 1 1 1 1 < 1 ; and 

(iv) \\ab\\ < \\a\\\\b\\forany a,b e . 

Note that the condition (Hi) and (iv) guarantees ||1|| G {0, 1}. A seminorm is said to be 
power-multiplicative if it satisfies the additional condition 

(iv)' \\a"\\ - \\a\\" for any a € andn G N+, 

and is said to be multiplicative if it satisfies the additional condition 

(iv)" \\ab\\ = \\a\\\\b\\foranya,b€ , 

which is stronger than the conditions ( iv) and ( iv)'. 

In this paper, we assume that a ring is unital and associative. We do not assume the 
commutativity or the inequality I 0. 
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Example 2.10. For a commutative ring s^, there are two canonical seminorms, which 
are not necessarily distinct. One is the seminorm determined by the additional condition 

(Hi)' \\a\\ - \ for any non-nilpotent element a e and\\a\\ = for any nilpotent a 6 

which is stronger than the condition ( Hi), and call it the trivial seminorm ofs^. The other 
one is the norm determined by the additional condition 

( Hi)" \\a\\ = 1 for any non-zero element a & s^, 

which is stronger than the condition ( Hi), and call it the trivial norm ofs^f. The condition 
(i) + (Hi)" is equivalent with (i)", and hence the trivial norm of a ring coincides with the 
trivial norm of an Abelian group. Therefore one did not have to assume the commutativity 
of in the definition of the trivial norm. 

The adjective "trivial" is a little ambiguous. In this paper, we only use the term for 
the triviality of a seminorm or a norm defined above. Instead, we call the trivial ring 
O the zero ring. The adjectives "zero" and "non-zero" are substituted for the adjectives 
"trivial" and "non-trivial" in the latter sense. 

Remark 2.11. The trivial seminorm is power-multiplicative. The trivial seminorm is 
multiplicative if the ring has the unique minimal prime ideal. The trivial norm is power- 
multiplicative if and only if the ring is semisimple, i.e. the nilradical is the zero ideal, 
and then it coincides with the trivial seminorm. The trivial norm is multiplicative if and 
only if the ring is an integral domain or the zero ring. Moreover, a ring has a power- 
multiplicative norm if and only if it is semisimple, and a ring has a multiplicative norm 
if and only if it is an integral domain or the zero ring. 

Definition 2.12. A seminormed ring is data (s^ , || • ||) of a ring with a fixed seminorm 
II • II : [0, oo). The ring and the seminorm || • || are called the underlying ring 

and the seminorm of {s^ , \\ • \\). We usually write instead of (s^ , || • ||) /or short. A 
seminormed ring is said to be a normed ring if its seminorm is a norm. Endow the 
underlying ring of a normed ring the metric topology given by the norm. A normed ring 
is said to be complete if its underlying metric space is complete. A seminormed ring is 
said to be uniform if its seminorm is power-multiplicative. A seminormed ring is said to 
be a trivial seminormed ring if the underlying ring is commutative and its seminorm is 
the trivial seminorm of the underlying ring. A normed ring is said to be a trivial normed 
ring if its norm is the trivial norm of the underlying ring. 

Example 2.13. The zero ring O has the unique seminorm || • || : O ^ [0, oo) sending 
to 0. Then one has ||1|| = ||0|| = 0, and (O, || • ||) a trivial normed ring whose norm is 
multiplicative. 

Moreover, the property ||1|| 6 {0, 1} guarantees that a normed ring satisfies ||1|| = 1 if 
and only if its underlying ring is non-zero. 

Remark 2.14. A trivial normed ring is endowed with the discrete topology, and hence is 
complete. 
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Remark 2.15. The correspondence from a commutative ring to the associated trivial 
seminormed ring determines a functor from the category of commutative rings to the 
category of uniform seminormed commutative rings, which is the left adjoint functor of 
the forgetful functor. 

Remark 2.16. The correspondence from a ring to the associated trivial normed ring 
determines a functor from the category of rings to the category of normed rings, which is 
the left adjoint functor of the forgetful functor. 

Proposition 2.17. Let he a complete normed rings. Then one has 

1+^/(1-) c ^/^ 

and c is open. In addition if is non-Archimedean, then the stronger inclusion 

1+^(1-) c ^(If 

holds. 

Proof. The first implication is trivial because the convergent radius of the convergent 
power series (1 - zT^ = TjZo^' ^ ■f=^(l)[M] is !-• Take an invertible element a G 
Then for any b e with \b - a\ < ||a"^|| \ one has 

b = a + (b-a) = a(l+ a'^b - a)) G j^^(l + ^(1-)) = s^"" , 

and hence c is open. If is non- Archimedean, the ultrametric triangle inequality 
guarantees 1 + ^(1-) c ^(1), and it is easy to see that the inverse of an element of 
1 + i2/(l-) is also contained in 1 + ^(1-) by the estimation of the norm of the analytic 
function (1 - zY^ - 1 G =<^(l)[[z]]. □ 

Definition 2.18. Let and S§ be seminormed rings. A ring homomorphism f : ^ ^ 3§ 
is said to be bounded iff is bounded as a group homomorphism of additive groups. 

Definition 2.19. Let \ ■ |^) be a seminormed ring. A seminormed left {s^ , \ ■ |^)- 
module is data (M, \\ ■ \\m) of a left -module with a seminorm || • ||m : M ^ [0, oo) of the 
underlying additive group satisfying the following: 

(v) \\am\\M < \a\s/\\m\\M for any a € ^ andm G M. 

When is commutative, then we say that (M, || • is a seminormed | • \^)-module 
for short. In particular {s^, \ ■ |^) itself is a left {s^ , \ ■ \j^)-module. Suppose the seminorm 
I • 1^ is multiplicative. A seminormed left {s^ , \ ■ \j^)-module (M, \\-\\m) is said to be faithful 
if it satisfies the additional condition 

(v)' \\am\\M = \a\j^\\m\\M for any a G ^ andm G M, 

which is stronger than the condition (v). In particular \ ■ [g/) itself is a faithful left 
■, I • \s/)-module under the assumption of the multiplicativity of the seminorm \ • |^. 
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Definition 2.20. Let be a seminormed ring, and M and N be seminormed left - 
modules. An -module homomorphism f: M ^ N is said to be bounded if f is bounded 
as a group homomorphism of additive groups. 

Definition 2.21. Let {s^ , ||-||) be a normed ring. A subset S c si/ is said to be bounded ifS 
is a bounded subset of as a metric space. An element a & is said to be bounded if the 
multiplicative subset {a" | n e N} c ^ generated by a is bounded. Denote by c 
the subset of bounded elements. An element a ^ s/ is said to be topologically nilpotent 
if lim„^oo<^" = 0, or equivalently lim„^oo llf^"!! = 0. Denote by s/°° c s/ the subset 
of topologically nilpotent elements. If {s/ , || • ||) is commutative and non-Archimedean, 
is a clopen subring of and s/°° is a clopen ideal of . {s/° , || • ||) is a normed 
commutative ring, and || • ||) /s a normed {s^° , || • \\)-module. 

Remark 2.22. Let {s^ , || • ||) &e a seminormed ring. Now s^{\) <z is a clopen subring 
and ^(r-) c ^{\) is a clopen two-sided ideal for any < r < 1. If{^,\\ ■ \\) be a 
normed ring, then one has =2/(1) c and £/{\-) c If in addition ■ ||) is 
uniform, then ^(1) = and = . 

Definition 2.23. Let {s^ , \ ■ |^) be a seminormed ring and suppose the seminorm \ • |^ 
is multiplicative. A seminormed {s^ , \ ■ \j^)-algebra is data \\ ■ \\^) of an £^ -algebra 
^ with a seminorm \\-\\ag: ,'JS ^ [0, oo) of the underlying ring with respect to which 
II • 11^^) is a faithful seminormed left {s/ , \ • \gi)-module. In particular {s/ , \ • |^) itself is 
a seminormed , | • \s/)-algebra under the assumption of the multiplicativity of the norm 
II • 11^. A seminormed {s^ , \ • \j^)-algebra \ • \^) is said to be a normed {s^ , \ • \j^)-algebra 
if its underlying seminormed ring is a normed ring. 

In this paper, we assume that an =2/ -algebra ^ contains =2/ in the centre, i.e. ab = ba 
for any a & and b & when and only when s/ is commutative. 

Remarli 2.24. If is a non-zero normed -algebra. The condition (v)' implies \a\^ = 
l«UI|l|b = M\» 

Definition 2.25. Let be a seminormed ring and suppose its seminorm is multiplicative. 
Let and SS' be seminormed s/ -algebras. An of -algebra homomorphism f : ^ 
is said to be bounded if f is bounded as a group homomorphism of additive groups. 

Definition 2.26. A non-Archimedean field is a seminormed ring whose underlying ring 
is a field and whose seminorm is a multiplicative norm. A non-Archimedean field is 
said to be a complete valuation field if it is a complete non-Archimedean field. A non- 
Archimedean field (k, I • I) is said to be a discrete valuation field ( or one says the valuation 
ofk is discrete) if the image \k^\ c (0, 00) is a multiplicative subgroup isomorphic to Z. A 
non-Archimedean field (k, \ ■ |) is said to be trivial or one says the valuation ofk is trivial 
if the image \k^\ c (0, cxi) is the trivial group {!]. The valuation ofk is trivial if and only 
tf(k, I • I) is a trivial normed ring. 
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Example 2.27. The associated trivial seminormed ring of a field is a trivial complete 
valuation field. The correspondence from afield to the associated trivial valuation field 
determines a functor from the category of fields to the category of non-Archimedean 
fields, which is the left adjoint functor of the forgetful functor 

In this paper, we assume that a field is commutative and that the additive unit and 
the multiplicative unit are distinct. In particular, the zero ring O is excluded from the 
definition of a field, and hence one has \k^\ + {0}. Henceforth, let fcbe a non- Archimedean 
field. We mainly deal with the case k is complete and we will assume it from HI 

Remark 2.28. The valuation ofk is discrete or trivial unless the image \k^\ c (0, oo) is a 
dense subgroup. 

Definition 2.29. One has k{\) = k° and k{\—) = k°° because its norm is multiplicative. 
The clopen subalgebra k° c k is a clopen integrally closed regular local ring, and k°° c 
k° is the unique maximal ideal. Call k° the ring of integers or the valuation ring ofk, and 
k°° the maximal ideal ofk. Set k := k° /k°° = k(l)/k(l-). The ring k is afield. 

Definition 2.30. Call the field k the residue field ofk. 

Definition 2.31. A non-Archimedean field k is said to be a local field ifk is a complete 
valuation field with a finite residue field k. 

Throughout this paper, denote by p e N the characteristic of the residue field k of the 
fixed base field k. We mainly consider the case p > 0, and hence we will assume p > 
only when we refer to the residual characteristic p. Otherwise we will assume nothing 
about the residual characteristic. 

Definition 2.32. A seminormed k-module is said to be a seminormed k-vector space if it 
is non-Archimedean and faithful. A seminormed k-vector space is said to be a k-Banach 
space (or simply a Banach space) if it is a complete normed k-module. 

Example 2.33. For an index set I, consider the k-vector subspace k®' c Map(I, k) freely 
generated by I identified with the subset of the characteristic function of each element of 
I. The map || • || : k®' ^ [0, oo) : / ||/|| := max^/ \f{i)\ is a norm of the additive group 
k®', and the normed group {k®' , \\ ■ ||) is a normed k-vector space. 

In the Archimedean case, separable Banach spaces are important for analysis. How- 
ever in the non- Archimedean case, for a fixed non- Archimedean field there might be no 
separable Banach space. The base field itself might be inseparable. Now here is the al- 
ternative notion of separability, which is equivalent with separability when the base field 
is separable. 

Definition 2.34. A k-Banach space is said to be of countable type if it contains dense 
k-vector subspace of countable dimension. 

Definition 2.35. A normed k-algebra is said to be a Banach k-algebra if it is a complete 
non-Archimedean normed k-algebra. 
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Example 2.36. For a complete valuation field k and a topological space X, consider the 
k-subalgebra Chd{X, k) c Map(X, k) of continuous functions f : X ^ k which is bounded 
in the sense that sup^g;^ |/(;c)| < oo. The map || • ||: Cbd{X,k) ^ [0, oo): / ||/|| := 
^•^Ptex l/C-"^)!' which is called the supremum norm, is a norm of the ring Cbd(X, k), and the 
normed ring (Chd(X,k), \\ ■ ||) is a commutative uniform k-Banach algebra. One usually 
consider the case X is a totally disconnected compact Hausdorjf topological space be- 
cause then Chd{X, k) coincides with the k-vector subspace C{X, k) c Map(X, k) of continu- 
ous functions and there is the non-Archimedean analogue of Gelfand-Naimark theorem, 
l \Douy . 4.29. Namely, the non-Archimedean Gel f and transform induces the equivalence 
between the category of totally disconnected compact Hausdorjf topological space to a 
certain full subcategory of commutative uniform Banach k-algebras. See \Serl . 9.2.7. 

Example 2.37. A closed k-subalgebra ^ of a Banach k-algebra is again a Banach 
k-algebra with respect to the restriction of the norm. If is commutative (or uniform), 
then so is ^. 

Example 2.38. For a complete valuation field k and a topological space X, consider the 
k-vector subspace (possibly non-unital commutative k-subalgebra) CoiX^k) c Cbd{X,k) 
of continuous functions f: X ^ k which satisfies that the subset {x e X \ \f{x)\ > 
e} is compact for any e > 0. It is a closed subspace of Cbd{X,k). The restriction \\ ■ 
II : Co{X, k) [0, oo) of the supremum norm is a norm of the additive group Cq{X, k), and 
the normed group (Co(X, fc), || ■ ||) Z5 a k-Banach space. One usually consider the case X 
is a totally disconnected locally compact Hausdorjf topological space. In particular, a 
discrete countable topological space is important because it appears as an index set I. 
We always endow an index set with the discrete topology. 

Recall that Gel'fand-Naimark theorem guarantees that an Archimedean commutative 
C* -algebra is canonically isometrically isomorphic to the ring of continuous functions 
on a compact Hausdorff space. In the non- Archimedean case, the C* -condition = 
11/11^ is nonsense because of the absence of a canonical involution, and one of the direct 
analogues of C* -algebras is non- Archimedean commutative uniform Banach algebras. 
However, there are various classes of commutative uniform Banach algebras other than 
the class of commutative uniform Banach algebras isometrically isomorphic to the ring 
of certain functions on a topological space are known. We listed the most significant 
examples below in this section. 

Example 2.39. For a complete valuation field k, each algebraic extension K of the un- 
derlying field k admits the unique canonical functorial extension of the multiplicative 
norm ofk, and K is a commutative uniform normed k-algebra. We always endow K with 
the norm. If K/k is a finite extension, then K is complete with respect to the norm. The 
completion C of an algebraic closure kofkasa metric space has the natural structure 
of a Banach k-algebra, and is an algebraically closed field. 

Remark 2.40. The residue field C ofC is an algebraic closure of the residue field k ofk. 
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Example 2.41. The general Tate algebra 



k{r~'T} := F = yF„r G^m] 



nm 



\\m\F,y = 

neN 



associated to the closed disc of radius r > Q endowed with Gauss norm\\F\\ := sup,,gjg \F„\r" < 
oo is a commutative uniform Banach k-algebra with a multiplicative norm. The k-affinoid 
algebra 



k{r-'T, sT-'} ■■=\f = J] ^ ^"']] 

V neZ 



\immax{\Fn\r",\F.„\s-"} = 



associated to the closed annulus of radius (s, r) with r > s > with Gauss norm 
sup„gjj max{|F„|r", < oo is a commutative uniform Banach k-algebra. 



Example 2.42. The k-subalgebra 



k{(r-r'T} ■.= \F = yF,T"ek[[T]] 



neN 



sup \F„\r" < oo 



o/A:[[r]] associated to the open disc of radius r > endowed with Gauss norm \\F\\ := 
suPneN l^nk" < OO is a commutativc uniform Banach k-algebra with a multiplicative 
norm. 

Remark 2.43. The underlying rings of the commutative uniform Banach k-algebras 
k{r~^T}, k{r~^T, sT~^}, and k{(r-y^} are integral domains. On the other hand, the ring 
Cbd(X, k) of bounded continuous functions on a topological space has enough projec- 
tions, and is an integral domain if and only if it is isomorphic to O or k. Therefore 
the commutative uniform Banach algebras k{r~~^T}, k{r~^T, sT~^}, and k{(r-y^} are not 
isomorphic to such a commutative ring. See Proposition \2.46\ and its corollary. 

Definition 2.44. Let be a Banach k-algebra. For an element A e , denote by 
^ c the closed k-subalgebra generated by A, i.e. the closure of the image of the 
k-algebra homomorphism k\T\ : T A. 

Remark 2.45. The k-subalgebra si is a commutative Banach k-algebra. More- 

over, the commutative Banach k-algebra is independent of the choice of . Namely, 
even if one replaces si by a closed k-subalgebra SS <z si containing A, the Banach 
k-algebra =S^a c SS is stable as a k-subalgebra of si. 

Proposition 2.46. Let X be a topological space, and suppose that k is locally compact. 
Then the Stone-Cech compactification ofX with respect to k exists, i.e. there is a func- 
tor SCk from the category of topological spaces to the category of compact Hausdorff 
topological space and a natural transform evfrom the identity functor to the composition 
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ofSCjc the forgetful functor such that for each topological space X, the pull-back by the 
continuous map ev{X) : X — > SCk(X) gives the functorial isometric isomorphism 

C(SC,{X),k) = C„ASQ(X),k) ^ Ctd{X,k) 

of Banach k-algebras. In other word, any bounded continuous function f:X k is 
uniquely extended to a bounded continuous function SCkif) '■ SCkiX) k. 

Proof. Denote by SCkiX) the closure of the image of the continuous map 

e\(X):X (^o^Cm(x,<:)(1) 

X ^ (f(x))feC,,(X,k)W- 

Since k is locally compact, the subset k° c is a compact Hausdorff topological space and 
hence the codomain of ev(X) is also a compact Hausdorff topological space. Therefore 
the closed subset SQ(X) is a compact Hausdorff topological space, and the image of X 
is dense in SCkiX) by definition. The universal property is obvious. □ 

Be careful about the fact that we did not assumed that X is a totally disconnected com- 
pact Hausdorff space, and hence bounded continuous functions do not necessarily sepa- 
rate the points of X. The same is true for SCk(X). The quotient of SCk{X) by the equiva- 
lence relation given by the separability by continuous functions is a totally disconnected 
compact Hausdorff space with the same universal property. Note that the codomain of the 
corresponding functor is the category of totally disconnected compact Hausdorff topolog- 
ical spaces, the restriction of the functor Cbd(-, k) = C(-, k) is equivalence to a certain full 
subcategory of uniform commutative Banach fc-algebras. On the other hand, the functor 
Cbd(',^) from the category of compact Hausdorff topological spaces itself is not a full 
functor. 

Corollary 2.47. In the situation of Proposition \2.4E\ there are a canonical totally discon- 
nected compact Hausdorff topological space Y whose cardinality is at most max{#2^ , #2^ } 
and a canonical continuous map l: X ^ Y such that the pull-back by l gives the isometric 
isomorphism 

C(Y,k)^ChM,k) 
of commutative uniform Banach k-algebras. 

The similar property holds for the Alexandroff extension of a topological space. The 
Alexandroff extension is one of compactifications of a topological space, and coincides 
with what is called the one-point compactification when the topological space is locally 
compact and Hausdorff. 

Proposition 2.48. Let X be a topological space, and denote by AE{X) the Alexandroff 
extension of X. Then the pull-back by the canonical open embedding l: X ^ AE{X) 
gives the isometric isomorphism 

C{AE{X), k) = Cq{AE{X), k) Co(X, k)®k 



16 



/ ^ ((f-f(oo))\x,f(^)) 



of commutative uniform k-Banach spaces, where oo e AEiX) is the infinitesimal point, 
i.e. AE{X) = l(X) U {oo}. The k-algebra structure of the left hand side is compatible with 
that of the right hand side as the unitisation of a non-unital commutative k-algebra. 

Proof. For a continuous function / : AE(X) fc, the restriction (/-/(oo))|;(^ 6 C(AE(X),fc) 
satisfies | • | o (/ - f{oo))\x e Co(AE(X), R) by the definition of the Alexandroff" extension. 
It follows (/ - f{^))\x 6 Co(AE(X), k). 

Now take a compact- supported continuous function / 6 Co(X, k). Denote by / : AE(Z) 
k the map given by setting f{L{x)) := f{x) for each x eX and /(oo) := 0. Then / is contin- 
uous by the definition of the Alexandroff" extension. The map (/, a) ^ f + a is the inverse 
map of the given ^-algebra homomorphism. The isometry is obvious because the supre- 
mum norm is compatible with the separation of the underlying topological space. □ 

Similar with the Stone-Cech compactification, the Alexandroff" extension of a topo- 
logical space is not necessarily a totally disconnected compact Hausdorff topological 
space, but such a good topological space can be constructed in the same way with the 
quotient technique. Note that the Alexandroff" extension of a totally disconnected locally 
compact Hausdorff" topological space is, being the one-point compactification, a totally 
disconnected compact Hausdorff topological space. 

Corollary 2.49. In the situation of Proposition \2.4E\ there are a canonical totally discon- 
nected compact Hausdorff topological space Y whose cardinality is at most #X + 1 and 
a canonical continuous map l: X ^ Y such that the pull-back by l gives the isometric 
isomorphism 

C(y, k) Co(X, k)®k 

of commutative uniform Banach k-algebras, where the right hand side is endowed with 
the Banach k-algebra structure as the unitisation of a non-unital commutative uniform 
Banach k-algebra. 

Definition 2.50. Let V be a seminormed k-vector spaces. An operator on V is a k-linear 
homomorphism f: W ^ V, where W is a k-vector subspace of V. An operator is said to 
be bounded if it is a bounded endomorphism. Denote by SSyfY) c Endk(V) the subset of 
bounded operators. 

Remark 2.51. Suppose k is non-trivial. An everywhere-defined operator f: V ^ V is 
bounded if and only if f is continuous. Significant bounded operators, such derivations 
and unbounded physical quantities, are basically defined on a proper subspace, and one 
often means "everywhere-defined" by "bounded". 

Proposition 2.52. The subset ^kiV) c End^iV) is a k-subalgebra, and (^kiV), II • II) '■^ 
a seminormed k-algebra, where || • || : JS^tiV) [0, co) is a map given by setting \\f\\ := 
suPvsv(i) \\f(v)\\for each f e ^k(V). Call (l3§k(V), \\ ■ \\) the bounded operator algebra on 
V.IfV is a normed k-vector space, then (^k(V), \\ ■ ||) is a normed k-algebra, and call || • || 
the operator norm. If V is a k-Banach space, then (j^kiV), II • II) is a Banach k-algebra. 
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Proof. This can be verified in the totally same way as the corresponding fact in the 
Archimedean case. □ 



Definition 2.53. A k-Banach representation is a Banach k-algebra endowed with a 
hounded k-algebra homomorphism ^kiV) to the bounded operator algebra on a 

k-Banach space V. 

Definition 2.54. A k-Banach representation ^kiV) is said to be of countable type 

ifV is of countable type. 

Definition 2.55. A subset / c V of a k-Banach space V is said to be an orthonormal 
Schauder basis of V if the canonical k-linear homomorphism k®' V given by the 
inclusion I V is uniquely extended to the isometric isomorphism 

Co(I,k)^V. 

IfV is finite-dimensional, then simply call I an orthonormal basis. 

Do not confuse Co(/, k) with Cbd(/, k). The subset / c Cbd(/, k), identified with the 
characteristic functions of singletons in /, is not an orthonormal Schauder basis when / is 
an infinite set. Note that an orthonormal basis of a finite-dimensional fc-Banach space is a 
basis of the underlying ^-vector space but the converse does not hold in general. There is 
a criterion for an orthonormal basis in flBGRl . 2.5.1/3 and HBGRH . 2.5.2/2, and we refer 
to it in Lemma [3.1 1[ 

Definition 2.56. A k-Banach space is said to be strictly Cartesian if it admits an or- 
thonormal Schauder basis. In other words, a k-Banach space is strictly Cartesian if and 
only if it is isometrically isomorphic to the k-Banach space Co(/, k) for some countable 
discrete topological space I. 

Be careful that the definition of a strictly Cartesian Banach space above is not com- 
patible with the definition of a strictly Cartesian normed vector space in [IBGRi . 2.5.2/1 
when a Banach space is infinite dimensional. 

Example 2.57. Any k-vector subspace of the n-dimensional k-Banach space k" is strictly 
Cartesian with respect to the restriction of the norm ofk" given by its canonical basis for 
any n € N. 

In general, any subspace of a finite-dimensional strictly Cartesian Banach space is 
again strictly Cartesian by HBGRl . 2.5.1/4. Be careful that the notion of being strictly 
Cartesian depends on the choice of the norm. If one equips k" with another non-canonical 
norm, then might be not strictly Cartesian. Thus the equivalence of norms does not pre- 
serve the property of being strict Cartesian, and conversely a Banach space of countable 
type always admits an equivalent norm with respect to which it admits an orthonormal 
Schauder basis by FiBGRl . 2.7.2/8. 

Example 2.58. The Qp-Banach spaces C(Zp, Qp), Co(Qp, Q^), and Cp are strictly Carte- 
sian Qp-Banach spaces of infinite dimension. 
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Definition 2.59. A k-Banach representation =2/ ^k(V) ^ciid to be normalisable 
if V is strictly Cartesian. In particular a normalisable k-Banach representation is of 
countable type. 

3 Three Reductions 

There are three basic ways of reduction, and one of the main theme of this paper is 
the use of the reduction for the functional calculus of an operator. We always endow 
spaces obtained by reductions with the discrete topology. For example, the reductions of 
a Banach fc-algebra is a Banach ^-algebra with respect to the trivial norm. 

Definition 3.1. Let G be a non-Archimedean seminormed group. For a real number 
< r < 1, set Gr = G~ := G{l)/G{r-), and call it the normal reduction ofG at radius 
r. If r = 1, write G = Gr and simply call it the normal reduction of G. In particular, 
the notation k is compatible with the residue field ofk. For an element g e G(l), call its 
image in Gr the normal reduction ofg at radius r. 

Definition 3.2. Let be a non-Archimedean seminormed k-algebra. For a positive 
number < r < 1, the k(l)-algebra structure of £^{\) induces the kr-algebra structure of 
£^r- In particular endow with the canonical k-algebra structure. 

Proposition 3.3. Let and SS be non-Archimedean seminormed rings. A ring homo- 
morphism f:s^^SS which is a contraction induces a bounded ring homomorphism 
^ and a ring homomorphism s^r ~^ SSrfor any r 6 (0, 1]. 

In other words, the correspondences £/{l) and £/ -v^ are functorial with re- 

spect to ring homomorphisms which are contractions. A bounded homomorphism which 
is not a contraction does not work here. 

Proof. Trivial by definition. □ 

Proposition 3.4. If s^/ is a complete non-Archimedean normed ring, then for a positive 
number < r < 1, the surjective ring homomorphism 11: -» =2^- induces the sur- 

jective group homomorphism U: £/ (1)^ s^^. Moreover one has n"^(j3^.^) = (1)^. 

Proof. For an element a e £/{l), suppose a e A^. Take a lift e £/{l) of the inverse 
a'^ e Ar. Since ab - 1 = aoT^ - 1 = e A,-, one has \\ab - 1|| < r < 1, and hence 
ab e \ + <z hy Proposition OTl Thus ae£^{\Y. □ 

Definition 3.5. Let be a commutative non-Archimedean normed ring. Set j^''"'^ := 
ls^°°, and call it the spectral reduction of . In particular, one has V"^ = k. For an 
element A e s^°, call its image in s^''"'^ the spectral reduction of A. 

Be careful about the fact that the spectral reduction works only when the normed ring 
is commutative. However, it is still important also for a non-commutative normed ring 
such as an operator algebra SSki^) on a ^-Banach space V, because the Banach ^-algebra 
c SSiSy) is commutative for an operator A 6 SSki^). 



19 



Proposition 3.6. Let and 1^ he non-Archimedean normed rings. A hounded ring 
homomorphism f:s^^SS sends a hounded element to a hounded element, and a topo- 
logically nilpotent element to a topologically nilpotent element. Therefore in particular 
if and SS is commutative and non-Archimedean, then f induces a hounded ring ho- 
momorphism SS° and a ring homomorphism s^^'"^ SS^'"^. 

In other words, the correspondences and s^^'^^ are functorial with 

respect to bounded homomorphisms, and therefore they might seem to be easy to handle 
when we deal with commutative Banach algebras. However, it is hard to calculate 
and s^'^'^'^ when is not uniform, and hence the spectral reduction is applied mainly to 
uniform Banach algebras. 

Proof. Trivial because a bounded homomorphism is continuous and preserves a bounded 
subset. □ 

Definition 3.7. Let he a commutative non-Archimedean normed k-algehra. Endow 
^'■'■'^ with the k-algehra structure induced by the k°-algehra structure of . 

Definition 3.8. Let I hea countable index set. The matrix reduction of the operator alge- 
bra ^k{Co{I, k)) is the k-algehra End^ik®') endowed with the canonical k° -algebra homo- 
morphism 11/: ^^(Co(/, fc))(l) End^ik®') sending an operator A e ,'^i_{CQ{I,k)){l) to 
a k-linear endomorphism Il{A) : k®' k®' whose matrix representation T e (k^'Y c k'^' 
with respect to the canonical basis I c k®' is given as the matrix whose entries are the 
reduction of the entries of the matrix representation M e Co{I,ky c k'^' of A with re- 
spect to the canonical orthonormal Schauder basis I c Co(/, k). Note that each column 
of M e k'^' surely belongs to k®' c k', i.e. its all but finite entries are 0, because each 
column of A e k'^' belongs to Co(I,k), i.e. its entries are tending to 0. The k-linear map 
n(A) is called the matrix reduction of A. 

Proposition 3.9. The identity ^i^{Co{I,k)) — > ^k(CQ{I,k)) induces the canonical k- 
algebra epimorphism 11/ : l3§k{Co{I, k))~ -» Endj^Jc®^). When I is a finite set, then 11/ 
is an isomorphism. When I is an infinite set, then 11/ is an isomorphism if and only is the 
valuation ofk is discrete or trivial. 

Proof. Obvious. Note that when / is a finite set, or when the valuation of k is discrete 
or trivial, then the operator norm of a bounded operator on Co{I,k) is archived by the 
absolute value of an entry of its canonical matrix presentation. Otherwise there is a 
counter-example. □ 

By Proposition [XH when / is a finite set, or when the valuation of k is discrete or triv- 
ial, then we always identify the normal reduction and the matrix reduction on ^k(Co(I, k)) 
without mentioning. The reductions are useful when one examines whether a given sys- 
tem is an orthonormal Schauder basis. The following is [IBGRl . 2.5.1/3. 

Lemma 3.10. For a finite dimensional strictly Cartesian k-Banach space V, a subset 
I c V{\) is an orthonormal basis ofV if and only if its reduction I := {f e V \ f e 1} is a 
finite -dimensional basis of the k-vector space V. 
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An infinite-dimensional generalisation immediately follows from the previous lemma. 

Proposition 3.11. Suppose the valuation ofk is discrete. For a k-Banach space V with 
\\V\\ = \k\, a subset I c V{1) is an orthonormal Schauder basis of V if and only if its 
reduction I := {f e V \ f e 1} is a basis of the k-vector space V. 

In particular it implies that a Banach space V with ||y|| = |^| over a complete discrete 
valuation field k is always strictly Cartesian. It is a direct consequence of HBGRII . 2.5.3/1 1 
and [IBGRH . 2.4.4/2. 

Proof. Suppose / is an orthonormal Schauder basis of V. Then one has the isometric 
isomorphism V =k Co(I, k), and it induces the ^-linear isomorphism V ^ Co(/, k)~ = k®' . 
Therefore obviously the reduction 7 c V is a basis. 

On the other hand, suppose the reduction 7 c V is a basis. In particular ||/|| = 1 for any 
i e /. Take an element (/•),£/ 6 k®^ and set / := Y^i^i fd e V- One has ||/|| < max,g/ \f\\\i\\ = 
max;g/|/|. Assume ||/|| < max,g/|/|. Let 7 e / be the index such that \ fj\ = max,g/|/|. 
Since < max,g/ l/l, one has \fj\ > and fj e k"". Now H/'Vll < max,g/ l/ri/l = 1, 

and hence ff^f = e V. However Iff^fl < 1 and {f~^f)iei 6 k'^' is a non-zero vector 

because f~^fj= 1 ^ e k. Therefore the reduction fjf = YjieifJ^ffl is non-zero in V, 
and it contradicts the calculation above. It follows ||/|| = max,g/ 1/| and / is orthonormal. 
One has obtained the isometric isomorphism : Co(/, k) ^-^ V onto the image, and it 
suffices to show (p is surjective. Since (p is an isometry from a complete metric space, 
the image 0(Co(/, k)) is also complete and hence is closed. Take an element / e V. Set 
/^°^ := e y. Inductively define the sequence {f^"^)neN 6 (f)(k®'f^ in the following way: 
If / - /(") = 0, set := e 0(^0- If / - f"^ * 0, take an element a e k"" with 
11/ - f^"^\\ = Ml- Then \\a~\f - f^"^)\\ = 1 and there uniquely exists a non-zero coefficient 
vector (/•),£/ 6 k®' such that Yuiei fd = <^~^{f - f "^) ^ V because 7 c V is a basis. Take 
a lift {f)iei 6 k{\r of (fdie, e k®', and then one has \\a-\f - /W) - Y^t^j fi\\ < 1. 
Set := + Y^ieiafd e 0(/t®O- By the construction of (/"^)„6n, the absolute 

values (11/ - /^"^IDneN € [0, oo)^ is strictly decreasing or at last stable at 0, and hence 
converges to by the discreteness of the valuation of k. Therefore the series (/^"^)„gN 6 
(p{k®')^ converges to / 6 V. Therefore / is contained in the closure of (f){k®'), namely 
0(Co(/, k)) c V, by the completeness of Co(/, k). Therefore is surjective. □ 

Definition 3.12. Let V be a k-Banach space admitting an orthonormal Schauder basis. 
Taking an orthonormal Schauder basis S <zV, one obtains the isometric isomorphism 

l: V ^Co(S,k) 
of k-Banach spaces, the isometric isomorphism 

mV)^ miCoiS,k)) 
of Banach k-algebras, the isomorphism 
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ofk-vector spaces, and the isomorphism 

End^Q) : End^(y) End^(k^^) 

of k-algebras. The matrix reduction of ^ify~) with respect is the k-algebra Endj(V) 
endowed with the canonical k° -algebra homomorphism 

S9M ^ ns /~^c\ EndjG)'^ 
Uy: mV)il) — ^ miCoiS,k))il) End-^if'') ^ End-^(y). 

For an operator A G ^^(V)(l), call n(A) G Endj^iV) the matrix reduction of A. 

Proposition 3.13. In the situation above, the homomorphism Ily is independent of the 
choice ofS. 

Proof The matrix reduction of the matrix presentation of a change of orthonormal Schauder 
bases coincides with the matrix presentation of the change of reductive bases. □ 

Remark 3.14. In the case V = Coifk), one has Yly = IT/ identifying V = k®^ by the 
natural isomorphism given by the presentation by the canonical basis I <z V. In this 
case, we denote simply by A the matrix reduction Yiy{A) = Ili(A) of an operator A with 
matrix representation M and by M the matrix representation of A. 

Definition 3.15. Let V be a k-Banach space admitting an orthonormal Schauder basis. 
An operator A G ^ki^) said to be reductively scalar if its matrix reduction ny(A) G 
End^V) is scalar, i.e. contained in k. 

Definition 3.16. Let V be a k-Banach space admitting an orthonormal Schauder basis. 
An operator A e J3§k(V) said to be reductively transcendental if its matrix reduction 
Ilv(A) G Endj^V) is not integral over k. 

4 Functional Calculus and Unitary Diagonalisability 

Throughout this section and the rest of this paper, we assume that the base field k is a 
complete non-Archimedean field, V is a A;-Banach space, and isa Banach A;-algebra. 

Definition 4.1. An operator A G ^k(V) said to be unitary if the endomorphism A: V 
V is isometric isomorphism. 

We usually give ^" the canonical basis and the canonical structure of the ^-Banach 
space, and identify the operator algebra with the matrix algebra M„(^). Otherwise 

we declare the basis of k". 

Proposition 4.2. For a matrix U G M„(k), the following are equivalent: 
( i) U is unitary; 
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(ii) \\U\\ = 1 and\detU\ = 1; 
(Hi) \\U\\ = 1 andUeGL„{k); 

( iv) The columns of U form an orthonormal basis ofk"; 

(v) UeGL„{k°); 

(vi) U 6 GLn{k) and is unitary; and 

(vii) 'U is unitary. 

Proof. Suppose (i) holds. Since U is an isometric isomorphism on fc", one has 
\\U~^\\ = 1 by the definition of the operator norm. It follows all eigenvalues of U in an 
algebraic closure of k have norm no greater than 1 , and the same holds for U~^. It follows 
all eigenvalues of U has norm 1, and it follows | det U\ = I. Therefore (i) implies (ii). 

Suppose (ii) holds. Then one has detU = detU 0, and it follows U e GL„(^). 
Therefore (ii) implies (iii). 

The conditions (iii) and (iv) are equivalent. Indeed for a matrix U 6 M„(fc), the 
columns of U form a basis of k" if and only if the columns of U form an orthonormal 
basis of r by llBGRl . 2.5.1/4. 

Suppose (iii) holds. Then Proposition 13.41 and Proposition 13.91 guarantees that U e 
GL„(F). Therefore (iii) implies (v). 

Suppose (v) holds. The condition U e Gh„{k°) guarantees U, 6 M„(F) and 
hence < \\U\\, \\U~^\\ < 1. For a vector v 6 k", one has 

IMi < ]^ < \\u-\\\ < \\u-^\\\\v\\ < Ilvll, 



and hence ||i7~^v|| = ||v||. Therefore (v) implies (vi). 

The condition (vi) obviously implies (i), and by the equivalence of (i) and (ii), it is 
easy to see that (i) and (vii) are equivalent. □ 

Corollary 4.3. If a matrix U e Mn(k) satisfies 'UU = U'U e {k°Y, then U is unitary. 

Proof. The condition (v) is obvious. □ 

Remark 4.4. There is a unitary matrix which does not satisfy the condition = U'U e 
{k°)^. For example, the matrices 

^ 1 /' \ 1 

are unitary, but one has 
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Note that a real matrix (or a complex matrix) gives a congruence transformation if and 
only if it is an orthonormal matrix ( resp. a unitary matrix in the complex sense ). The 
reason why such an example as above exists is because of the non-Archimedean property 
of the norm. The upper right entry 1 does not affect the norm of the image. 

Remark 4.5. As we mentioned, the notion of the unitarity of a matrix deeply depends on 
the choice of the structure of a k-Banach space on k". One usually equips it the canonical 
norm associated with the canonical basis, but the change of the basis yields the change of 
the norm, which is equivalent to the canonical one. For an invertible matrix U e GL,j{k) 
whose eigenvalues are contained in k, if one endows k" with the norm \\ ■ associated 
with a basis b c k" which gives a Jordan normal form ofU, then U presents a unitary 
operator on the k-Banach space (k", \ \ ■ 

Now we introduce the notion of the spectrum of an element in a Banach algebra. 
This is the analogue of the classical Archimedean spectrum of a bounded operator on a 
Banach space, and we will deal with the spectrum of an unbounded operator in ^ 

Definition 4.6. Let R be a ring and S an R-algebra. For an element A e S , set crs{A) := 
{A e R \ A - A ^ S^}, and call it the spectrum of A in S . Also call an element of erg (A) 
a spectrum of A in S . Similarly call the complement k\crs (A) the resolvent of A in S and 
its element a resolvent of A in S . 

In particular, consider the case i? is a complete valuation field k and 5 is a Banach 
A:-algebra £/. For an element of A e £/, the spectrum cr^{A) c ^ of A in ^ is defined as 
that of A in the underlying algebra of £^ which is an algebra of the underlying field of k. 
If ,2/ is a matrix algebra M„(k), a matrix M 6 M„(k) is integral over k but its characteristic 
polynomial is not necessarily decomposed in k when k is not algebraically closed. There- 
fore the spectrum cr]vi,_(yt)(M) might be empty. Of course if k is algebraically closed, the 
spectrum of a matrix is non-empty. Now how about the spectrum of an operator on the 
infinite-dimensional Banach space? In the Archimedean case, the spectrum of an element 
of a Banach C-algebra is non-empty. The non-emptiness is derived from Liouville's the- 
orem for the resolvent function, which is an analytic function on a C-Banach space, and 
it directly implies Gel'fand-Mazur theorem. On the other hand in the non- Archimedean 
case, it is well-known that a complete valuation field always has a counter-example for 
Gel'fand-Mazur theorem. The same proof is no longer valid because the resolvent func- 
tion is just locally analytic but is not rigid analytic. Liouville's Theorem surely holds 
for a rigid analytic function, which is easily verified using the Shnirel'man integral, but 
does not for a general locally analytic function. The main target of our spectral theory is 
the operator algebra on a strictly Cartesian Banach space, but there is a counter-example 
even for such a good Banach space. 

Example 4.7. Consider the case k = Cp, and denote by ¥p the residue field Cp, which is 
an algebraic closure of¥p. Denote by [•] : ¥p ^ Cp the canonical Teichmiiller embedding 
sending a root of unity a e ¥p to the root of unity [a] e with [a] = a. Set I := 
N U (Fp X N), and then I is a countable discrete topological space. For a strictly Cartesian 
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Cp-Banach space Cq(I, Cp), denote by \, e Co(I, Cp) the image ofz & I by the canonical 
embedding I '-^ Co(/, Cp). Then the collection I identified with the subset {1, | z e /} c 
Co(/, Cp) forms an orthonormal Schauder basis ofCo{I, Cp). Consider the operator 



A: 



CoilXp) 
Ifi+i 

l(0,n-l) 

1 + [aUafi 

l(a,n-l) + 



(z = n 6 N c /) 
(z = (0,n)e{0}xN+ c/) 
(z = (a,0)e¥pX{0]cI) 
iz = (a,n) 6F^ xN+ c/) 



densely defined on Co(/, Cp). Since \\A\\ = \ by the estimation of the norms of entries 
of the canonical matrix representation, A is uniquely extended to an everywhere defined 
bounded operator, and one has cr^c,,(Co(/,Cp))(^) c C°. 
For an element A 6 C°, consider the operator 



B : Cl 



CoUXp) 



h- > 



Zj,=o 

Zoo 
i=n 

([I]-a)"«l(pj,, 



i-n- 1 



,'=0 2j ;•=,■ 



(a,i) 



(z = n e N c /) 

(z = (a, n) 6 {1} X N c /) 

iz = ia,n)e(¥p\{A})xn cl) 



densely defined on Co(I, Cp). Since one has \\B\\ = I by the estimation of the norms of en- 
tries of the canonical matrix representation, B is uniquely extended to an everywhere de- 
fined bounded operator, and it is easy to see that (A- A)B = B(A-A) = 1 e ^Cp(CQ(I,Cp)) 
calculating the images of elements in the canonical basis I c Coil, Cp). Therefore 
A-Ae ^CpiCo{I, Cp))^. Thus one has cr^Cp(Co(/,Cp))(^) = 

Since the aim of this paper is to construct a criterion for the normality of an opera- 
tor, i.e. the admissibility of the continuous functional calculus, an operator with empty 
spectrum is exceptional. We mainly deal with an operator with spectrum large enough. 

Proposition 4.8. Let Rbe a ring, and S and T R-algebras. For an R-algebra homomor- 
phism (p: S ^ T and an element A e S , one has cr7-(0(A)) c erg (A). 



Proof. Trivial because <p(S^) c T^ 



□ 



In particular, the inclusion cr^{A) c (T^(i)(A) for an element A e J2/{1) is important. 
Here =2/(1) is regarded as a ^"-algebra. Note that unlike an Archimedean C*-algebra, 
the spectrum cr^(A) depends not only on A but also £/. It is because the proof of the 
independence of the choice of ^ in the Archimedean case heavily uses the topological 
property of the real line R and the complex plain C. See [iDouJ . 4.28. 



Example 4.9. 



o-kiT\(.T) = k° 

CTkiTj-'] = (k°)'' = k°\k° 
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Proposition 4.10. For an element A e s^, its spectrum crj^{A) <z k is a bounded closed 
subset. 

Proof. For an element a ek with \a\ > \\A\\, one has ||a"'A|| < 1 and hence 

A-a = - a^A) e k^'il + c s^"" 

by Proposition 12 .171 Therefore cr^rA^) is contained in {a e k \ \a\ < \\A\\} and is bounded. 

Take a resolvent a e k\o-j^{A). For an element b e k with \b - a\ < \\(A - one 
has \\{b - a){A - < 1 and hence 

A-b = {A-a)-(b-a) = {A- a){\ - (b - a)(A - a)'^) e ^""(l + ^(1-)) c s^"" 

by Proposition 12 .171 Therefore cr^/(A) c ^ is closed. □ 

Corollary 4.11. Suppose k is a local field, Definition \2.31\ For an element A e , its 
spectrum cr^(A) c k is compact. 

Proof. Trivial because k° is compact and any closed disc of radius in \k^\ c (0, oo) is 
isomorphic to □ 

Proposition 4.12. For an element A 6 s^iX), one has 

o-^(i)(A) = y I. 

Be careful the an element X of the quotient set = / is a coset, which is a 
subset of £^{l), in the sense of the set-theoretical tautology. 

Proof. The assertion is the direct implication from Proposition 1231 □ 

The spectrum is deeply related with Berkovich's spectrum, HBerL 1.2. See also HBerL 
7.1.2. 

Proposition 4.13. Suppose is commutative. For an element A e £/, denote by 
A*(^(£/)(k)) c k the image of the Berkovich's non-Archimedean Gel'fand transform 
A* : ^(£/)(k) k: X i-^ A(x) associated to A, where ^(£/){k) is the k-rational locus 
of Berkovich's spectrum ^{^). Then one has A*(^{^)(k)) c cr^(A). In addition if 
Max{s^) c Spec(^) is contained in the k-rational locus Spec(£/)(k), then the equality 
A*(^(£/)(k)) = cr^(A) holds. 

Proof. For a resolvent A e k <z crji/{A), one has A - A e £/ and hence there is no prime 
ideal of containing A - A. On the other hand, the support of a point of ^(i^/) is a 
prime ideal, and hence there is no point of ^(^) A - A whose support contains A - A. 
In particular A t A*{J{{s^){k)). Therefore A\^{s^){k)) c (r^^{A). 

Moreover if Max(=2/) is contained in Spec(=2/)(fc), then for a spectrum A e cr,^(A), 
there is a maximal ideal m <z £/ containing A - A with automatically £/ /m =k k. By the 
proof of [BerJ, 1.2.1, there is a point x e ^(is/) such that its support is m. It follows that 
(A - A)(x) = 0, and hence A = A(x) e A*(^(£/)(k)). □ 



26 



Definition 4.14. For an element A 6 denote by =Sf^(A) c =2/ the closure of the 
localisation of the k-subalgebra k[A] c by the elements in k[A] D s^/^. Unlike the 
commutative Banach k-algebra ^^(A) depends on the choice of not only A but also the 
Banach k-algebra containing A. 

Lemma 4.15. For a non-empty bounded closed subset cr <z k, the coordinate function 
z'. cr k is a bounded continuous function. 

Proof. Trivial by the definition of the supremum norm. □ 

Definition 4.16. For a non-empty bounded closed subset cr c k, consider the k-subalgebra 
k{z\ c C(cr, k) generated by z. By Lemma 14.751 k\z\ is contained in Chd(cr, k). Denote by 
Crigicr, k) the commutative Banach k-subalgebra -^Ctd(.o-kM^ Ctd(cr, k). Call an element 
ofCrigicr, k) a rigid continuous function on cr c k. 

Remark 4.17. A function in Crigicr, k) is obviously a Krasner analytic function by def- 
inition. On the other hand, a bounded Krasner analytic function is not necessarily an 
element of Crigicr, k). Functions in Crigicr, k) is more "rigid" than bounded Krasner ana- 
lytic functions. 

Proposition 4.18. In the situation in Definition \4.16\ one has Crigicr, kY = Crigicr, k) n 

CMi(T,kr. 

Proof. The inclusion c is obvious. Take a rigid continuous function f-.cr^k invertible 
in Cbd(o", ^). By the definition of Cngicr,k), for any < 6 < 1, there is a continuous 
function g: a ^ k contained in the localisation of k\z\ c Cbd(c, k) such that ||/ - g\\ < 
6min{||r'|rM/-'|r2}. For any points e tr, one has \fix)\ = \f-'ix)\~' > Wf-'t' > 
11/ - ^11 > \fix) - gix)\, and hence \gix)\ = \fix)\ > 0. Therefore \gix)\-' = \fix)\-' = 
\f'^ix)\ < Wf'^W, and it follows that g is invertible in Cbd(cr, k). The inverse g'^ e Cbd(o", k) 
is contained in the localisation of k[z] because the polynomial ring k[T] is a principal 
ideal domain. Moreover one obtains 

iir'-g"'ii<ii/iiiigiiiig-/ii = ii/iPii/-gii<6, 

and thus / 6 Crig(cr, k). □ 

Lemma 4.19. In the situation in Definition \4.16\ one has crc,jg(a;k)iz) = cr. 

Proof. The inclusion D is trivial because cr coincides with the image of z- The opposite 
inclusion c directly follows by the definition of Crig(cr, k). □ 

Proposition 4.20. In the situation in Definition \4.16\ denote by k[T](a-) c kiT) the local- 
isation ofk[T] by polynomials of with no zeros on cr. The canonical surjective k-algebra 
homomorphism k[T] k[z] : T zis uniquely extended to k\T\a-) Crigicr, k). 
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Proof. A function / 6 Cbd(cr, k) is invertible in Cbd(o", k) if and only if its absolute value 
function |/| : cr ^ [0, oo) has a positive lower bound on a. Take a polynomial P e k\T] 
with no zeros on cr. Take an algebraic closure of k and let C//c be the completion of it 
with respect to the unique extension of the valuation. Denote by 5 c C\cr the finite set 
of the zeros of P. Since S is compact and a is closed, the distance d between S and 
cr is positive definite. Presenting P = aW^^^{T - s)"' by the coefficient a e k^ and 
multiplicities (ns)ses £ one has \P(A)\ = \a\ Ylses ■^l"' - 1*^1^" ^ ^ o-, where 

n := 2.ses "i- Therefore inf^go- I^C/l)! > \a\d" > 0, and hence 1^(2)1 : cr ^ [0, oo) admits a 
positive lower bound \a\d". □ 

Proposition 4.21. In the situation above, if cr c k is compact, then k[z] is dense in 
Crigicr, k) and one has the equalities Co(cr, k) = <z Cngicr, k) = Cm{o-, k) = C(cr, k). 

Remark that if cr is not compact, the inclusion Co(cr, k) c Crig(cr, k) does not hold in 
general. 

Proof This is the well-known p-adic analogue of Stone-Weierstrass theorem, which is 
originally verified by Kaplansky in his paper [ Kap[ | as a generalisation of Dieudonne's 



theorem, HDieL For other sophisticated proofs, see [IMurll . 1.7 or [iBerL 9.2.6. □ 

Proposition 4.22. In the situation in Definition \4.16\ suppose cr is compact and cr {0}. 
The compactness of the non-empty set cr guarantees that there is a point a e cr with 
\a\ = sup^gg. \A\ > 0. For an element a e k^ with \a\ = sup^g^ \A\ > 0, the canonical home- 
omorphism cr a'^cr c k° and the canonical projection k° ^ k induces a surjective 
map o-c(o-,k)iz) o-c(cT,kria~^z). 

Proof Since crc(^,^)(z) = crc„g(^,yt)(z) = cr and crc(^_i)(a"^z) = crQig(,r,i)(«"^z) = o-c„,(a-'cT,k)iz') = 
a'^cr for the coordinate function z' '■ a'^a ^ k, replacing cr by a'^cr, we may and do as- 
sume a = \. Note that C(cr, k){l) = C(cr, k°) and C(cr, k)~ = C(cr, k). Since k is discrete, 
the latter Banach fc-algebra is the fc-subalgebra of k°' consisting of locally constant func- 
tions. The inverse of a locally constant function invertible in kf, which is a function with 
no zeros, is again locally constant. Since the image of z: cr — > ^ is the image G k 
of cr by the canonical projection k° k, one has crQ^^i^^^{z) = o^, which was what we 
wanted. □ 

Definition 4.23. For an element A e £/, a bounded k-algebrahomomorphismiA'. Crig(cr^(A),k) 

sending the coordinate function z'- cr ^ k to A is unique because the localisation of 
k{z\ c Crig{cr,si'{A), k) is dense. If such a bounded k-algebra homomorphism la exists and 
is an isometry, call it the continuous functional calculus of A in i/. 

If A admits the continuous functional calculus in , then the spectrum cr^(A) c is 
non-empty because the coordinate function of c is but & ^ has the non-empty 
spectrum {0} c k. Remark that the image of the continuous functional calculus, if ex- 
ists, is a closed fc-subalgebra of the commutative Banach fc-algebra =Sf^(A). Moreover 
if cr^(A) is compact, the continuous functional calculus induces the isometric isomor- 
phism Crig(cr^(A), k) =k by Proposition 14.211 First we deal with the continuous 
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functional calculus of a bounded normal operator. The continuous functional calculus of 
an unbounded normal operator will appear in §|7l 

Proposition 4.24. If an element A 6 £^ admits the continuous functional calculus of A 
in , then one has 

||A||= sup \X\. 

Proof. Trivial because the right hand side is the supremum norm of the coordinate func- 
tion z: cr k. □ 

Definition 4.25. A bounded operator A on a k-Banach space V is said to be a bounded 
k-valued normal operator if A admits the continuous functional calculus in ^kiV)- 

Definition 4.26. A matrix M e Mn{k) is said to be a k-valued normal matrix if M cor- 
responds to a bounded k-valued normal operator on k" as the matrix representation with 
respect to the canonical basis. 

Example 4.27. A matrix M e Mn(k) is a k-valued normal matrix if and only if M is 
diagonalisable by a unitary matrix in k. 

Remark 4.28. Note that we always equip k" with the canonical norm associated with the 
canonical basis in this paper. As we sometimes mentioned, the notion of the unitarity of 
an operator on k" makes sense only when one fixes the norm ofk", and if one changes the 
basis, the normality of an operator differs. It is remarkable that a matrix is diagonalis- 
able in k if and only if it presents a bounded k-valued normal operator on k" with respect 
to some norm ofk". 

Definition 4.29. A bounded operator A on a k-Banach space V is said to be a bounded 
normal operator if the image of A ® 1 e 3Sk(V)®kK by the bounded K-algebra homo- 
morphism J!J§k(V)^kK ,^K{y®kK) is a bounded K-valued normal operator for some 
extension K/k of complete valuation fields. 

Now one has obtained one of formulations of />-adic Quantum theory with bounded 
/7-adic physical quantities. For the unbounded generalisation, see Definition 17. 24[ 

Definition 4.30 (p-adic physical state). A p-adic state vector over k is a non-zero vector 
\ (p) in a strictly Cartesian k-Banach space V. When there is no ambiguity of the base 
field k, just say \ (p) a p-adic vector state in V. A p-adic physical state represented by 
\(p) eV is the lay [| (p )] in the projective space P(y) := {V\{Q})lk^. 

Definition 4.31 (bounded p-adic physical quantity). A bounded p-adic physical quantity 
over k is a bounded k-valued normal operator on a strictly Cartesian k-Banach space. 

Definition 4.32. For a bounded p-adic physical quantity A over kon a strictly Cartesian 
k-Banach space V, a clopen subset S c cr,^^(y){A) is said to be A-measurable if the 
characteristic function Is : o-pji^(y){A) k is contained in Crig{crsg^(y){A),k). Denote by 
Q.A c 2°"**<^>^'*^ the collection of A-measurable clopen subsets. 
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Example 4.33. In the situation above, if the spectrum cr^j(y)(A) is compact, then all 
clopen subsets are A-measurable by Proposition \4.21\ 

Definition 4.34 (Bom rule). For a bounded p-adic physical quantity A over Icon a strictly 
Cartesian k-Banach space V, define the probability function ^.(A 6 •) in the following 
way: 

^.(A 6 •): P(V)xQa ^ [0,1] 

([|0)],5) ^ ^[|^>](A6 5):=||ai5)l0)ll, 

where | ) e [| )] Z5 a representative with the normalisation condition \\ \ )|| = 1. 
The probability function is well-defined. For a p-adic physical state [| (p )] ^^"^ ^' 
measurable clopen subset S c craji^(y){A), call !^[\ ^ >](A 6 S) the probability that the 
observed value of A in [| (p )] is contained in S . 

Remark 4.35. The probability is non-Archimedean, and hence is not additive. For a p- 
adic physical state [| )] 6 P(y) and A-measurable clopen subsets S ,S' e Q.a, one has 
the following properties: 

(i) ^ )](A 6 0) = 0, ^ )](A e (T,^,(v)(A)) = 1; 

(ii) Even if ^[\ ^ )](A e 5) = 1 and S O S' = (D, one does not have ^ )](A 6 5') = 0; 
(Hi) The non-Archimedean property 

^ )](A 6 5 U 5') < max{^[| ^ )](A 6 5), ^ )](A 6 S')] 

holds; 

(iv) IfS c S', the monotonousness 

^[l^>](Ae5)<^[l^)](^G5') 

holds; and 

(v) If S D S ' = Q, the non-Archimedean orthogonality 

^ )](A 6 5 u 5') = max{^[| ^ )](A e 5), ^ )](A e 5')) 

For f/ze proofs of the properties (iii)-(v), see Proposition \6.11\ and Proposition \6J2\ 

One of the main aims of this paper is to establish an algorithm for the criterion of the 
unitarity of an operator by the use of the information of the reduction. There are two cases 
concerning the reduction. The one is the case that the reduction has the finite spectrum, 
and the other one is the case that the reduction has the infinite spectrum. We will deal 
with the infinite reductive spectrum case in §|5]and with the finite reductive spectrum case 
in §|6j Note that an operator with infinite reductive spectrum has ample information in its 
reduction, while that with finite reductive spectrum does not. In particular, an operator 
with compact spectrum is usually reductively finite, and hence the reduction once works 
little. The repetition of the reductions are valid there. 



30 



Definition 4.36. An element A ^ is said to admit the reductive continuous func- 
tional calculus if \\A\\ e \k^\ and if for an element a e with \\A\\ = \a\ the nor- 
mal reduction a~^A e A of a~^A e admits the continuous functional calculus 
i^: C(cr^(a-^A),k) ^ A. 

Example 4.37. A matrix M e Mnik) admits the reductive continuous functional calculus 
if and only if M Q and for an element a e k^ with \\M\\ = \a\ the matrix reduction 
a~^M e Mn(k)~ = Mnik) is diagonalisable in k. 

It is easy to see that the normality implies the reductive normality. Note that one of 
the main theme of this paper is when the reductive normality implies the normality. See 
Theorem 15. 2 [ Theorem 16.71 and Theorem 16.221 

Proposition 4.38. If a non-zero element A 6 has the compact spectrum and admits 

the continuous functional calculus, then A admits the reductive continuous functional 
calculus. 

Proof. Since A + {0} admits the continuous functional calculus, one has ||A|| = [fc^l 
by Proposition 14.241 and by the compactness of cr := cr^{A). Replacing A by a 'A for 
an element a e k^ with ||A|| = l^l, we may and do assume ||A|| = 1. We follow the 
conventions in the proof of Proposition l4.22l To begin with, we verify cr g{A) = a. Since 
cr^(A) c cr^(i)(A) by definition, the canonical projection k° ^ k induces the reduction 
map cr cr^A) by Proposition 13. 4[ and hence one has c cr^A). Assume the 
reduction map cr cr^A) is not surjective, and take a reductive spectrum A 6 cr^A) 
which is not contained in the image a^. Take a representative A e A. Due to the choice of 
A, one has = 1 for any /I' 6 cr, and hence 6 C(cr,k)(l)^. It follows z- A = 

z - A e (C(cr, by Proposition 13. 4[ and it contradicts the condition A e cr^A). Thus 
one has cr^A) = a^. 

Since the continuous functional calculus '■ C(cr(/(A), fc) ^ is an isometry, it 
induces the injective ring homomorphismTA : C(cr^(A),^)~ . For an element / = 
(/A)Aeo= 6 the composition 

_ / ~ 

c(/) : cr,s^(A) = a ^ cr — > k 

sending A 6 o-s^{A) to fj is locally constant, and hence one obtains a A:-algebra homo- 
morphism 

tj: c{cr jA\k) = ^^^^ = F ^ C(cr^(A),fc)~ ^ ^ 

which is obviously injective and sends the coordinate function z: cr^A) ^-^ kio i^iz) = 
A 6 £/. This is the reductive continuous functional calculus of A. □ 

We define a holomorphic functional calculus of an operator. In the Archimedean 
case, the regularity "holomorphic" of a complex function means that the function ad- 
mits the Taylor development at each point in the domain, but such a regularity is very 
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weak in the non- Archimedean case because a non- Archimedean field k is totally discon- 
nected. Therefore we use here a stronger regularity: "rigid analytic". Denote by 
Berkovich's analytic space called an affine line over k, which is the analytification of the 
scheme-theoretic affine line Spec(^[r]), and we use a rational domain of containing 
the spectrum of an operator as the domain of a holomorphic functional calculus. The 
rationality is essential for the uniqueness of the holomorphic functional calculus because 
an affinoid domain is rational if and only if the image of the suitable localisation of the 
global section is dense in the corresponding affinoid algebra. For convensions here, see 

Definition 4.39. For an element A e .(^ , aboundedk-algebrahomomorphism la'- H'^(,V,0^\) 

k 

sending the coordinate function z' V k to A is unique for a rational neighbourhood 
V <z A\ of (T^{A), namely, a closed subset V c which is contained in a sufficiently 
large closed disc ofh\ as a rational domain and which contains the spectrum crj^{A) c k 
identifying the k-rational locus k = Aj^(k) as a subspace of the affine line A^. If such 
a bounded k-algebra homomorphism la exists and is an isometry, call it a holomorphic 
functional calculus of A in . 

The definition of a holomorphic functional calculus depends on the choice of a ratio- 
nal neighbourhood V c Aj^ of cr^(A). It is obvious that the restriction of a rigid analytic 
function on an affinoid domain to a narrower affinoid domain is again rigid analytic, 
and hence one hopes that the rational neighbourhood in the definition of a holomorphic 
functional calculus is taken to be as small as possible. 

5 Reductively Infinite Operator 

To begin with, we dealt with a reductively infinite operator. A reductively infinite op- 
erator has the non-compact spectrum, and hence Vishik's non-Archimedean analogue of 
Riesz functional calculus in HVisll does not work here. We verify that a reductively infi- 
nite operator generates the closed subalgebra isomorphic to the Tate algebra, and hence 
the holomorphic functional calculus works. 

Definition 5.1. Let £^ be a Banach k-algebra. An element A e £^ is said to be reductively 
infinite if\\A\\ 6 \k^\ and if the spectrum cr^a^^A) c C of its normal reduction a~^A e 
is an infinite set for an element a &k^ with \\A\\ = \a\. 

The cardinality of cr^a^'A) is independent of the choice of a e k^ with ||A|| = \a\. 
Indeed, for elements a,b e k^ with ||A|| = \a\ = \b\, the multiplication by ab'^ e k induces 
the bijection cr^a~'A) cr^b^^A). 

Theorem 5.2. Let be a Banach k-algebra and A e a reductively infinite element. 
Then the k-algebra homomorphism k\T\ : T ^ A induces the isometric isomor- 

phism Ia' k{T} S^A sending T to A. 
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Proof. To begin with, we prove ||/^(A)|| = 1 for a polynomial F e k°{T] c k{T} with 
||F|| = 1 with respect to the Gauss norm || • || of A:{r}^Since F G r [T], one has ||F(A)|| < 1 . 
The equality ||F|| = 1 implies that the reduction F G k{T}~ = k\T'\ is non-trivial. The 
condition that A is reductively infinite guarantees that F{A) = F(A) e . Indeed, 
assume F(A) = 0. The non-trivial polynomial F e k[T] has at most finitely many zeros, 
and hence there is an element a e cr^A) c C such that F(a) i^O e C. Set 

G := ^ G C[T]. 

T - a 

One has 

1 = (-F(a)y'(-F(a)) = -F(ar'(F(A)-Fia)) 
= -F(a)-^G(A) iA-a)e^^C, 

and therefore A - a e (£/ ®^ C)^. It contradicts the condition a G cr^A). Thus F(A) = 
F(A) ^ G ^It follows that ||F(A)|| = 1. 

Now take a polynomial F G k[T^ and suppose ||F(A)|| < 1. Assume F i k°\T\ Then 
there is an element (2 G k\k° such that ||F|| = \a\. Onehas = |(3|"'||F|| = 1 and hence 

a^F G r [r ]. On the other hand, the inequality \\{a-^F){A)\\ = \a-^\\\F(A)\\ < \a-^ < 1 
implies that a~^F(A) = G and it contradicts the fact we proved above. Thus 
F G k°[T]. 

Finally take a non-trivial polynomial F G k[T]. For an element a ek^ with = \a\, 
one has ||(a-iF)(A)|| = 1 and therefore ||F(A)|| = |fl|||(fl-iF)(A)|| = |a| = ||F||. It follows 
that ^[r] S2/ : T A is an isometry with respect to the Gauss norm || • || of k{T}, 
and hence it induces the isometry 1^'- k{T} £/. Since k[T] c k{T} is a dense k- 
subalgebra, the image of ja is contained and dense in The image of a closed subset 
by an isometry between complete metric spaces is complete, and hence is again closed. 
Therefore the image of ja coincides with J^a c =2/. One has obtained the isometric 
isomorphism /a : k{T} —> □ 

Corollary 5.3. A reductively infinite element A G admits the holomorphic functional 
calculus /a : fl^(||A||Z)^, Go) £^ , where ||A||Z)^ c is the strictly k-affinoid domain 

^k{k{\m-'T})GK\. 

Corollary 5.4. For a countable index set I, a reductively transcendental operator A G 
^k(Co(I,k)) admits the holomorphic functional calculus Ia' H^(\\A\\Dl.,Ga) ^k(Co(I,k)). 

Corollary 5.5. Let p: ^kiV) be a normalisable k-Banach representation. For an 

element A G s^, if\\A\\ < \\p{A)\\ and ifp(A) is reductively transcendental operator on V, 
A admits the holomorphic functional calculus /a : ^(ll^ll^l^. Go) . 

Example 5.6. Suppose k is a complete discrete valuation field. Let A G =2/ := ^yt(Co(Z, ^)) 
he the shift operator (A/)(z) = f{z +1). Its matrix presentation M with respect to the 
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canonical orthonormal Schauder basis is 



10 

10 

1 





where the diagonal is the line with 's right lower than the line with 1 's. It is obvious 
that A is unitary, and hence one has \\A\\ = 1 and crj^(A) c (k°)^. Its normal reduction 
A e £/ coincides with the matrix reduction A e by Proposition 13.91 and the 

matrix reduction is the shift operator Acn = where (e„)nez is the canonical basis of 
k®"^. The spectrum of the algebraic shift operator A coincides with k^, and hence one has 
crs/(A) = (k°)^ by Proposition \3.4\ Therefore ifk is an infinite field, then A and A~^ are 
reductively infinite. Applying the holomorphic functional calculus to both A andA"^, one 
obtains the holomorphic functional calculus 

LA:k{T,T-^} 

F = J]FjT' ^ F(A) = Y,FjA'. 

leZ leZ 

For a rigid analytic function F e k{T, T~^}, the matrix presentation F(M) of the substi- 
tution L^iF) = F{A) is 



F(M) = 



Fq Fl F2 Ft, 

F-i Fq Fl F2 

F-2 F-l Fq F[ 

F-3 F-2 F^i Fq 



and this result is analogous to the theory of Fourier development of a function on [0, 1]. 

Examples.?. Suppose k is a complete discrete valuation field. Let A e := ^i^(Co{N,k)) 
be the Toepliz operator {Af){z) = f{z +1). Its matrix presentation M with respect to the 
canonical orthonormal Schauder basis is 



^0100 
10 
M= 1 
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where the order ofN is given as the positive direction. It is obvious that \\A\\ = 1 and 
(Ts^iA) c k° . Its normal reduction A 6 ^ coincides with the matrix reduction A e 
^(k®^) by Proposition \3.9\ and the matrix reduction is the same Toepliz operator Aen 
V where {en)nez is the canonical basis ofk®^. The spectrum of the algebraic Toepliz 
operator A coincides with k, and hence one has cr f^{A) = k° by Proposition \3.4\ Therefore 
ifk is an infinite field, then A is reductively infinite. Applying the holomorphic functional 
calculus to A, one obtains the holomorphic functional calculus 

La : k{T] ^/ 
F = Y,FjT' ^ F(A) = Y,FiA'. 



For a rigid analytic function F e k{T}, the matrix presentation F{M) of the substitution 
la(F) = F{A) is 



F{M) 



Fo Fi F2 

Fo Fy F2 

Fo Fi 

Fo 



and it is easy to see that the functional calculus is continuously extended to the rigid 
analytic functions k°[[T]] 0*.° k on the open unit disc with respect to the Frechet topology 
ofk°[[T]] k and the weak topology, i.e. the topology of pointwise convergences, of . 

Note that both examples do not need the assumption of the infiniteness of the residue 
field, because the restriction of the scalar works after the base change by a suitable ex- 
tension of complete valuation fields. Such a base change technique is valid for analytic 
or algebraic functions, but not for continuous functions. 



6 Reductively Finite Operator 

In the last section, we dealt with a reductively infinite operator. As we showed, the normal 
reduction of a reductively infinite operator A has sufficient information about the structure 
of the commutative Banach algebra and the holomorphic functional analysis works. 
On the other hand, a reductively finite operator possesses few information in its normal 
reduction and its matrix reduction. For example, there is an operator of operator norm 
1 such that its matrix reduction is zero, as we mentioned at Proposition 13.91 Such an 
example does not exist for finite dimensional matrices, and this difficulty occurs only 
when we consider a reductively finite operator on an infinite dimensional Banach space. 

Definition 6.1. Let be a Banach k-algebra. An element A 6 ^ is said to be reductively 
finite if\\A\\ e |^^| and if the spectrum cr^a^^A) c k of its normal reduction a~^A e is 
a finite set for an element a G k^ with \\A\\ = \a\. 
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Example 6.2. For an extension K/k of non-Archimedean fields, a non-zero matrix M e 
Mn(K) is reductively finite if and only if the norm of each entry is contained in \k\. If K/k 
is not algebraic extension such as the complete fractional field ofk{T} and the non-strict 
k-affinoid field k{r~^T, rT~^}for r e (0, oo)\|fc^|, the spectrum of the normal reduction M 
might be empty even if\\M\\ e \k^\. 

Definition 6.3. A matrix M e M„(k) is said to be k-valued if each eigenvalue of M is 
contained in k. 

Definition 6.4. For a k-valued matrix M 6 Mnik), define the family S(A/) in the fol- 
lowing way: Since M is k-valued, the spectrum crM„(k){M) is non-empty. For elements 
A\,A2 6 crM„{k){M), we write Ai ~ Aj if \Ai - Ajl < \\M\\. The binary relation ~ 
is obviously an equivalence relation on the ultrametric space cr^ (/t)(^) c k, and set 
S(M) := ctmMM)/ 

For a matrix, the criterion of the unitarity, Proposition I4.2[ guarantees the compatibil- 
ity of the reductions and the spectra. See also Proposition 14.221 

Proposition 6.5. For a non-zero k-valued matrix M e M„(fc)\{0} and a e k^ with \\M\\ = 
\a\, the canonical homeomorphism crM„{k)(M) crM„{k){<^~^M) c k° and the canonical 
projection k° ^ k induces a bijective map £(M) crf^jj^^{a~^M). 

Proof. Replacing M by a'^M for a suitable element a e k^, we may and do assume 
\\M\\ = 1 without loss of generality. For a spectrum A 6 crM„{k)iM) c k°, one has M - A i 
GL„{k) and in particular M - A ^ GL„(F). It follows A e o-^^^^)(M) by Proposition 13 .41 

Therefore the projection k° ^ k induces a canonical map S(M) cr^^ which is 

obviously injective by the definition of ~. In order to prove the surjectivity, assume there 
is a reductive spectrum A e o-^^^^^(M) such that A is not contained in the image of 2(M), 
i.e. A n crM„{k)(M) = regarding A as a subset of k° by the set-theoretical tautology. 
Take any representative A e A. Since A n cr]y[„(i:)(M) = 0, one has M - A e GL„(/:). Let 
P e k[T] be the characteristic polynomial of M - A. The condition A n crM„(/:)(M) = 
guarantees that k° n o-M„{k)(M - A) = (d and hence | det(M - A)\ = \P{0)\ = 1. It follows 
M-A 6 GL„{k°) by Proposition l4T2l and therefore M-A = M-A e GL„(k) by Proposition 
13.41 It contradicts the assumption A e o-^^^jj^{M), and hence the map S(M) crM„(I)(^) 
is surjective. □ 

A reductively scalar matrix, Definition 13. 151 is always reductively diagonalisable, but 
there are trivial examples of reductive scalar matrices which are not diagonalisable. To 
begin with, we prepare the method of removing reductively scalar matrices. 

Lemma 6.6. For a matrix M = (Mj j)"j^y e M„(k), the matrix M - Mi i is reductively 
scalar if and only ifM is scalar 

Proof. Obvious because the (1, l)-entry of M - Mi j is 0. □ 

Avoiding the case a matrix is reductively scalar before running the matrix reduction 
by the method above, one obtains a criterion of unitary diagonalisability of it. 
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Theorem 6.7. A k-valued non-scalar matrix M = (Mi ._. 6 Mn{k)\k is unitarily diago- 

'7 l,J—L 

nalisable if and only ifM-M\\ is reductively diagonalisable and the matrix presentation 
of the restriction of the operator M on the M -stable subspacekor YlAehiM-Mij-A)" c k" 
with respect to an orthonormal basis is unitarily diagonalisable for any A e E(M-Mi j). 

Note that by HBGRII . 2.5.1/5, any subspace of k" is a strictly Cartesian normed fc-vector 
space and admits an orthonormal basis. By Lemma 1631 if M is a non-scalar unitarily 
diagonalisable matrix, one has #Z(A/ - Mi i) > 1 and the subspace ker YlAeAi^ ~ ~ 
A)" = kern.teA(M - - A) c k" is a proper subspace for each A 6 2(M - Mij). 
The restriction of M on the M-stable subspace corresponding to a reductive spectrum 
A e 2(M - Ml i) is again fc- valued because its minimal polynomial has roots only in 
A G k. Hence Theorem 16.71 surely gives the algorithm giving a criterion of unitary 
diagonalisability. 

Proof. For each family A e S(M-Mi j), denote by Va the M-stable subspace ker Y\AeA(M~ 
Mij - AT c k". Take an element a 6 F with ||M - Mi,i|| = \a\. 

To begin with, suppose M is unitarily diagonalisable. Take a unitary matrix U e 
GL„(A;°) such that U'^TU is a non-scalar diagonal matrix diag(/li, . . . , One has 

max'l.lAi - Mi,i| = ||diag(ii - Mi,i, . . . ,^ - Mi.OII = \\U~\M - Mij)U\\ = \\M - Mi,i|| = |a|. 

It follows 

.jM-Mi.i^^ /^i-Mi,i /i„-Mi,i 



^C/ = diag 



— -iM-Mi,i— M-Mi,i //li-Mi,i A„-Mij 

U U = i7 = diag 



a a \ a 



^. r^i-Mi,i A„-MyA 

= diag 

\ a ^ , 

and M-Mi 1 is reductively diagonalisable. Take a family A 6 2(M-Mi j). Now columns 
of the unitary matrix ^U~^ form an orthonormal basis of k" consisting of eigenvectors of 
M. Let Ml,..., M„j 6 k" be the distinct eigenvectors belonging to the eigenvalues contained 
in A. Since M is diagonalisable, one has = kern^eA(M - Mi i - A) and hence 
Ml, ... , M„, is an orthonormal basis of V^. The matrix presentation of the restriction of the 
operator M on Va is the m-dimensional diagonal matrix whose entries are the eigenvalues 
contained in A corresponding to Ml , . . . , M„j, and hence is unitarily diagonalisable. 

On the other hand, suppose M - Mi i is reductively diagonalisable and the matrix 
presentation of the restriction of the operator M on the Va with respect to an orthonormal 
basis is unitarily diagonalisable for any A e 2(M - Mi i). For each A e S(M - Mi i), 
take a non-zero vector va 6 VaMO}. We verify that the vectors va's form an orthogonal 
system. Take a linear combination 



V = ^ ^aVa, bA 6 k. 



Aei;(M-Mi,i) 
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and assume ||v|| < maxAg^^^-Mi o I^aIIIva||. In particular it is a non-trivial linear combi- 
nation. Fix elements ca g with |ca| = ||va|| for each A G 2(M - Mij). Multiplying 
an appropriate scalar, we may and do assume &aCa g ^° for any A G E(M - Mi 4) and 
\bp,cjs\ = 1 for some A G E(M - M14). Set := c^^va for each A G S(M - M14). Then 
one has 



||v|| < max |Z7aII|vaII = max |&aCaI = 1 

A€S(M-Mi 1 ) A€i;(M-Mi 1 ) 



and 



= V = 2 Z^aVa = 2 (^aCa)v^ 

A€E(M-Mi4) A€S(M-Mi,i) 

^ bACKv'^ G A:. 

AeE(M-Mi,i) 

Now the equality \a\ = ||M-Mij|| implies \a'^A\ < 1 for any Ae A and A G S(M-Mij). 
Since M - Mi 1 is reductively diagonalisable, the reduction a~^(M - Mi 1) G M„(^) is 
diagonalisable, and the minimal polynomial of a~^(M - Mi 1) is reduced. On the other 
hand, one has 



for a representative Aa g A, and it follows 



1,1 



— (M-M 



1,1 



a 



a 



,n#A 



V 



M-Mi,i ^A - ^ 

v, = 0. 

a at 



Therefore G ^ is an eigenvector of a~^(M - M14) G M„(^) belonging to the eigenvalue 
g'^Aa g k. Note that a'^A^ is independent of the choice of the representative Aa g 
A by the definition of E(M - Mi 1). Take an well-order Ai < • • • < A#i.(m-Mii) on 
E(M - Mij), and rearranging the order, we may and do assume there is an integer < 
m < #i:(M - Mi,i) such that I^Ca,! = • • • = I^a„CaJ = 1 and 1 > \bA^,,CA^J > ■ ■ ■> 
I^a#j(m-mi i)Ca#5:,m Mi_i)l- assumption that there is some A G E(M - Mi,i) such 

that I&aCaI = 1 guarantees m > 1. For each / = 0, . . . , m - 1, one has 



vKll Y^f M-Mu V- ^ f M-Mi,i V^- , 



'M-Mi 



y>A,VA, = 



M-Mi 



,/ #Z(M-Mi,i) 



7=1 



2 ^a,va, = 0, 



7=1 
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and hence 
' 




^ 




I, 



J 









b\^Cf^^a' 


-l^A, 


Ai A2 




^AjCAz 




■l^A, 



-m-1 



^AjCAz^ ^Aj 



-m-1 



Ai A2 



^aJ 



I ^a„Ca„ 

( ^AiCAi 










V<^A2 








-m-1 







1 



-OT-l \ 



lAi 



1 a-i/l 



-m-1 



A2 



tA2 



1 a 



-m-1 



Since b^iCAi ^a„ca„ # by the definition of m G N and since a~^/lAi , . . . , «~^/Ia„ g 
are distinct by the definition of E(M - Mi 1), the right two matrices on the right hand 
side are invertible. Therefore one obtains = ' " = v'^ = £ k". The inequafity 

m > 1 surely guarantees v'. = e k", but it contradicts the fact ||v^ || = 



-1, 



i-ii 



-a.^aJI = 

^A#j;(M-Mi i) 



ICaiI IIvaJI = 1- We conclude that ||v|| = maxAes(M-M,,,) I^aIIIvaII, andvAp. 
form an orthogonal system. Therefore Va's are orthogonal. 

Now considering the decomposition of ^ into the generalised eigenspaces of the k- 
valued matrix M - M14, one obtains 

k"= Va. 

AeS(M-Mi,i) 

The assumption that the matrix presentation of the restriction of the operator M on Va 
with respect to an orthogonal basis is unitarily diagonalisable guarantees that the sub- 
space Va c k" admits an orthonormal basis eA,i, • • • , ^A.dimi VA consisting of eigenvectors 
of M for each A e E(M-Mij). We verify that the system eA,,i , • • • , ^a.^^^^, ^j.dim* Va,^^„_^^ 
forms an orthonormal basis of k". Obviously it is a basis consisting of vectors with norm 
1, and hence it suffices to show that it is an orthogonal system. Take a linear combination 

#S(M-Mi4)dim*^Aj- 

Tj Tj ^A;.'-^A;.''^A,.i^^- 



7=1 



(=1 



Since ^.^j ^ bAj,ieAj,i e Va; for each 1 < 7 < #L(M - Mi 1), the orthogonality of Va's 
implies 



V = max 



#Z(M-Mi,i) 



dimj^VAi 



!=1 
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and the orthonormality of • • • , .dimtVA guarantees 

7 ' 7 ' j 



11 11 #S(M-Mn) 

IMI = max^.^; 



i=l 



#Z(M-Mii) dimiVA. 

max^.^j ' max.^j '|&a.,, 



Thus the system e^^u ^a^^m-mi i),dimt Va,j.(j,.j^j forms an orthonormal basis of k". Since 
admits an orthonormal basis consisting of eigenvectors of M, the matrix M is unitarily 
diagonalisable. □ 

The result for matrices is easily extended to the criterion of the admissibility of the 
continuous functional calculus of a reductively finite operator on an infinite dimensional 
Banach space. 

Proposition 6.8. Let he a Banach k-algebra. If a reductively finite element A e ^ 
with \\A\\ = 1 admits the reductive functional calculus, then there is a canonical system 
(^A,A)Aecr^A) ^ s^f^^^^ of idcmpotcnts satisfying the following: 

(ii) Pa,aPa,a' = Ofor any distinct reductive spectra A A'; 
(Hi) \\Pa,a\\ = I for any A G a^A); 
(iv) Pa,a^ = AP^^Afor any A G cr^A); and 

(V) 

o- (P A) = I (^^^^(^))U{0} (#cr^I)>l) 

I A n crAA) = o-AA) (#o-J,A) = 1) 
o-(Pa,a)(Pa,aA) = Ancr^(A), 



where (Pa,a) c ^ is the closure of the subset Pa,a^ Pa,a c A, for any A G o-^A). 

In other words, there is a canonical partition of unity corresponding to the decomposition 
of the spectrum by the discrete reductive spectrum. 

Note that (Pa,a) c is not a fc-subalgebra of £/ because it does not contain 1 G 
^ when #cr^A) > 1, but is a unital Banach /r-algebra whose identity is Pa,a- For 
an element B e commuting with Pa,a, one has Pa,aBPa,a = P\a^ ~ Pa,aB and 
hence we use the presentation Paj^B rather than Pa,aBPa,a even when we regard it as an 
element of Pa,A'^ Pa,a c (Pa,a)- particular the structure homomorphism k —> (Pa,a) 
sends an element a e k to Pa.a<^ ^ (Pa,a)- Be careful that Pa,a g ^ is not a central 
idempotent in general, and hence the canonical projection £/ {Pa,a) '■ B Pa,aBPa,a 
is not necessarily a ^-algebra homomorphism. Therefore the inclusion cr(p^^){PA,AA) c 
o'si^iPAjs.A) is not obvious. 
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Proof. Since A admits the reductive functional calculus, the reductive spectrum cr^A) c 
k is not empty. If #a^A) = 1 , set Pa^k := 1 6 ^ for the unique reductive spectrum A e 
(T^A). Then the conditions (i)-(v) are trivial. Note that =2/ is non-zero because ||A|| = 1 
and hence ||1|| = 1. Now we consider the case #a^A) > 1. Since A is reductively finite, 
one has n := #cr^A) < 00. Take a reductive spectrum A e cr^A). Let A = Ai, . . . , A„ e k 
be the spectra of A. Since A admits the reductive continuous functional calculus, one has 
the canonical injective ^-algebra homomorphism lj: ^ A sending the coordinate 

function (Ai)j:^^^^j^ 6 kf^A^^^ to A. Recall that the image of lj is contained in =2j(A) = 

by Proposition OTl and that ^^^^ = k[A] c 1^. Take a lift P e ^aC^) of the image 

t^(lA) e A of the characteristic function 1a 6 kf^A'-^^ of the singleton {A} c crj(A). 
The equality 1^ = 1a guarantees that \\P^ - P\\ < 1. Inductively define the sequence 
iXj)je-N 6 -2a(1)^ in the following way: 

xo := P 
Xj^i := 3xj-2x],jeM. 

Then for an integer j e N, one has 



Xj+i = {3x)-lx^jf -Ox)-2x]) = Ax)-\2x]+9x) + 2x]-3x) 

= {x] - Xj){Ax] - %x] +x] + 3xj) = {x] - Xj){x] - Xj){Ax] - 4xj - 3) 
= -{xj-Xjf(3-A{xj-Xj)) 



and hence 



X 



T II II l|2 II T ||2^'+' 

2 ^ II ^ 11^2 ^ 11^ ^ II d2 

7+1 



Xj,,\\<\\x^-Xj\\^<\\P^-P\ 



It follows that lim^-^oo \ - Xj\\ = 0. Moreover, the equalities 

Xj+i - Xj = 3xj - 2x^j - Xj = -Xj(Xj - l)(2xj - 1) 
- XjW < \\xj - xj\\ \\2xj - 111 < \\xj - Xj\\ 



imply that the sequence ixj)j(,i>,] e £/{l)^ converges to an element Pa 6 =5^(1) by Propo- 
sition |2S1 By the continuity of the norm, the multiplication, and the addition, one has 

\\pl - pA\ = lim IIjc^ - Xj\\ = 

and therefore is an idempotent. Moreover Pa is non-zero. Indeed, for an integer 
j 6 N, it is easy to see that 

||X,-^1|| = \\3xj - 2x]\\ = \\xj + {X] - Xj){-2Xj + 1)|| = ||.^y|| = • • • = IIPII = 1 

and hence 

||PAll = lim|M = l 
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by the continuity of the norm. Note that 



II^A-P|| = 



'^(Xj+i - Xj) 



< suplU^+1 -XjW = \\Xi -XoW 

= \\(3P^ - IP^) - P|| = II - P{P - \){1P - 1)11 < ||P^ - P|| < 1, 

and hence P/^ = P = {^(Ia). Obviously it is independent of the choice of a lift P because 
the norm of any two distinct idempotent, which is again a non-zero idempotent by the 
commutativity, is not less than 1 by the same calculation above. 

We have constructed the system {Ph)t^^a-^) ^ -^a idempotents. By the argument 
above, the condition (iii) holds. Since =2a is a commutative Banach ^-algebra, containing 
A, the condition (iv) holds. For distinct reductive spectrum A, A' G cr^A), since IaIa' = 
G k"'A(^\ one has 



PaPa' = Pa Pa' = tj(lA)tA(lA') = ij(lAlA') = 

and hence ||Pa^aH < 1. On the other hand, since is commutative, the product PaPa' 
of idempotents is again an idempotent. It follows 

Ili'A^A'll = \\(PAPA'f\\ < \\PaPa'\\\ 

and IIPa^a'II = 0. Therefore the condition (ii) holds. Moreover, since 



Pa= Pa= ij(lA) = t^(l) = 1^0GA, 

Aecr^A) Aeo-j(A) Aeo-j(A) 

one has ||1 - HAecr^cI) ^aH < 1- commutativity of J^a and the equality PaPa' = 

for each two distinct reductive spectra A, A' G cr^A) guarantee that the difference 

1 - HAeo-(A) again an idempotent, and hence coincides with by the same argument 
for (ii). Therefore (i) holds. We verify the property (v). Take a reductive spectrum 
A G crj(A), and let A = /li, . . . , /l„ G A; be the spectra of A again. 

First, one has cr fi/(^P aA) c k° and (T(^p^){P aA) c k° because ||/'aA|| < ||A|| — 1. Since 
#a-j(A) > 1, there is another reductive spectrum A' e cr^(A). The equality PaPa' = 
with Pa' guarantees that Pa ^ and hence PaA i s^^. Therefore G (t^{Pa^- 

Secondly, take a resolvent X G fc°\cr^(A). One has 

{PaA - PaX){Pa{.A - Ay' Pa) = P^ = Pa e (Pa) 

and 

(Pa(A - AT'PaXPaA - PaA) = P^ = P^ g (Pa) 

because Pa and A commutes. Therefore PaA - PaA g (Pa)^ and A G k°\(T(p^)(PAA). In 
addition if Ai^O, one obtains 



(PaA - A) (Pa(A - ^)-^Pa + (1 - Pa)^"') 
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= (PaCA - + (1 - P^)A) (P^{A - AT' Pa + d - PaW) 

= Pi + Pa(1 - Pa)(A - A)A-' + (1 - Pa)PaA(A - Ay'P^A + (1 - P^f 

= Pa + + + (1-/'a) = 1, 



and 



(Pa(A - A)-' Pa + (1 - Pa)A-') {PaA - A) 
= (Pa(A - A)-'P^ + (1 - P^)A-') (P^(A - ^) + (1 - P^)A) 
= Pl + PAiA - AT^PaH - PaU + (1 - PA)PAr\A -A) + (\- Pa? 
= Pa + + + (1-Pa) = 1. 

Therefore PaA - A e and A £ k°\o-APAA). 

Thirdly, take an element A e A;°\(A U {0}). Since i ^ A, one has 

and hence PaA - A e ^(1)^ by Proposition 13.41 It immediately follows that A 6 
k°\crj^(PAA), and the equalities 

(PaA - PaA)Pa{PaA - Ay' Pa = ({PaA - A) + {I - /'a)^)/'a(/'aA - A)"' Pa 



= Pl + H- PA)PAAiPAA - A)-' Pa = Pa + = Pa 6 (Pa) 



and 



Pa(PaA - Ar'PA(PAA - PaA) = Pa(PaA - A)-'Pa((PaA - A) + (I - Pa)A) 
= Pl + Pa(PaA - A)-'Pj,(l - Pj,)A = Pa + = Pa e (Pa) 

imply i e k°\o-^p^)(P^A). 

Finally, take a spectrum A e An cr^(A). Assume A i cr^(PAA). Then the argument 
above guarantees /I ^ and the inverse (PaA - = (P^,A - AT^ e £/ of P-^A - A = 
Pj-A - A exists. By the calculation in the third case, one has A 6 k°\crf^(P^A) and hence 
the inverse (Pj-A - A)'^ £ of P^A - A exists for any / = 2,. . . ,n. The equalities 



(A-A) 



J]Pj;(Pj-A-A)-'Pj- = J]Pj-(A-A) J]Pj-(P^A-A)-'Pj: 



\ i=l 



) \ i=l 



\ I n 



Y^P-^P-A-X) \ Y^P-{P-A-A)-'P^^ 



n n 



I \ (=1 



i=i 



1=1 



and 



\Y^Pj.iPj.A-A)-'Pj_ 



. i=l 



(A-A) 



\ I n 



Y^PjiP^A-AT'P-^ J]Pj-(A-A) 



Vi=l 
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/ V 1=1 



/ n 



\ 1=1 / V i=l ) 

/=1 7=1 !=1 !=1 

imply A - A e s^^ and it contradicts the condition /I G A fi cr^(A) c cr^(A). Therefore 
/I e cr^(PA.A). Similarly assume X t (T(p^){P p^PC). Then the inverse By e (Pa) of Pj^A - 
Pj^A = Pj^A - PjjA in (Pa) = (Pj^) exists. By the calculation in the third case, one has 
A e k°\(T(p--i(Pj:A) and hence the inverse 5, 6 (Pj) of P^A - Pj:A in (Pj^) exists for any 
i = 2,...,n. Namely, for each i = l,...,n, one has 

(Pj;A - Pj:m = B,{Pj:A - Pj:A) = Pj:. 

Since Pj: and A commutes, one has 

(Pj-A - PtA)Pj:B,Pj: = P^(P^A - P^^)5,P^ = ^ = 

and 



PjlBiPj^PllA - Pj:A) = Pj:B{Pj:A - PjA)Pj^ = Pl = P^. 

It follows Pj:BiPj: = Bj by the uniqueness of the inverse in the unital ring (P-^). Now the 
equalities 

{A-A)\J]b, =|2^^(^-^)||Z^^^^^^ =I,ZPt>PJ]^^-^)BjPj: 



. i=l / 



i=l 



. (=1 



1=1 !=1 (=1 (=1 



and 



/ n 



2 5 J (A - A) = 2 Z ^^(^ - = Z Z Pji^^PjiPj]^"^ - ^) 



V/=l 



. /=1 



. /=1 



i=l 7=1 



= Z ^^^'4^^ - ^) = Z ^:^^'<^I7^ - ^^^) = Z 4 = Z = 1 

!=1 i=l 1=1 1=1 

imply that A - A G and it contradicts the condition A G A D crj^(A) c a^{A). 
Therefore A e (T(p^)(PaA). 

We conclude (T<,/(Pa,aA) = (A Pi cr^(A)) U {0} and o-(p^^)(Pa,aA) = A Pi cr^(A). Thus 
the condition (v) holds. □ 

Note that the definition of the system {P a,\) Kecr ^a) heavily depends not only on A but 
also on £^ because it uses the spectrum CTs^iA) of A in =2/. In other words, if one replaces 
^ by a Banach /:-subalgebra containing A, the corresponding partition of unity might 
change in general. In order to avoid the complexity, we do not specify in the system. 
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Definition 6.9. A system {P^iei 6 of idempotents indexed by a finite index set I is 
said to be a partition of unity ifYjiei Pi = 1 <^f^d \\Pi\\ = 1 for any i e I. 



Example 6.10. The system iPA,A)Ae(T^A} in Proposition \6. 8\ is a partition of unity. 

Proposition 6.11. A partition {Pi)iei 6 of unity is a system of orthonormal projec- 
tions, i.e. for any (Ci)i^[ e k', one has 



Y^^iPi 



iel 



= max |c,|. 

iel 



Proof Set A := Yjiei^iPi- The inequality ||A|| < max,g/ |c,| is obvious because = 1 
for any i e /. Take an index i e I with |c,| = max,vg/ |c;'|. Then the equality 



(A - cdPi = Yj^Ci, - cdPi'Pi = 



i'el 

guarantees that A - Ci i £^^, and hence c, G cr^(A). Therefore one has ||A|| > \ci\ = 
max,vg/ |c,v|. □ 

Proposition 6.12. Let V be a k-Banach space. A partition (Pi)iei 6 ^k(.Vy of unity 
satisfies the orthogonal property, i.e. for any v e V, one has 

||v|| = max||A-v||. 

lel 

In other words, it gives the decomposition 

V = e,e//',(V) = e,e/ker(l - P,) 

as a k-Banach space. 

Proof. The inequality < is obvious by the definition of a partition of unity, and the oppo- 
site inequality > follows from the condition \\Pi\\ = 1. □ 



Now we obtain a direct analogue of Theorem 16.71 Suppose £/ is an operator algebra 
and A is an operator. Different from the matrix case, the following does not give a cri- 
terion for the normality of A because the induction on the dimension works only in the 
finite dimensional case. 



Proposition 6.13. In the situation in Proposition \6.8\ A admits the continuous functional 
calculus in if and only if P^ j^^A admits the continuous functional calculus in (Pa,a) c 
£/ for any reductive spectrum A e crj(A). 

Proof. To begin with, suppose A admits the continuous functional calculus 
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Since the partition (^A,A)Aeo-~(A) °f unity is a system of idempotents in it is con- 
tained in the image of la by the isometry of la- Let (EA)Aeo--(A) '^he partition of unity 
in Cng((Tj^{A),k) which is the pre-image of (PA,A)Aeo-^(A)^ ^nd (lx)Ae<T-^{A) partition 
of unity in Cbd(cr^(A), fc) consisting of the characteristic functions 1^ of A n cr<^(A) c 
(TsiiA) for reductive spectra A 6 crj(A). The isometry of la guarantees that H^aH = 
II^aaII = 1 for ^iiy ^ s crj(A). By the uniqueness of continuous functional calculus, it 
is compatible with the normal reduction, and hence one has = 1a = Ix by the con- 
struction of Pa,a for any A e crj(A). Therefore H^a - l^ll < 1- Since Cbd(cr^(A), fc) 
is commutative, the difference - 1^ of idempotents is again an idempotent, and 
hence is by the same calculation as that in the proof of Proposition 16.81 It follows 
that (£^a)a£o-(a) partition of unity in Crig(cr^(A), k) consisting of the characteristic 

functions of A n cr^(A) c (Ts/{A) for reductive spectra A e crj(A). It is obvious that 
the restriction Crig(cr^(A), k) Crig(A n cisfiA), k) induces the isometric isomorphism 
(^a) Crig(A n cr^(A), k) of commutative unital uniform Banach ^-algebras, and its 
inverse is the restriction Crig(A n cr^(A), k) (Ea) of the non-unital A;-algebra homo- 
morphism Crig(A n cr^(A), k) Crig(cr^(A), k): f Ea/- Therefore one obtains the 
continuous functional calculus 

LpaaA ■ Crig((r(p^^)(/'A,AA), k) = Crig(A n cr^A), k) {Ea) ^ (Pa,a)- 
On the other hand, suppose Pa,a^ admits the continuous functional calculus 

tPA,A^ • Crig(c (p^ j^)(Pa,aA), k) (Pa,a) 

for each A e (t^(A). The inclusions (Pa,a) ^ induce a bounded /r- linear homomor- 
phism 

Aeo-;f(A) 

^ = (^A)Ae.,(A) ^ '^(^):= E ^A- 

Aeo-;f(A) 

It is obvious that ^ sends {P aa^) A<Lcrj(A) to ^ because iP A,h) A^^cr^iA) ^ partition of unity. 
Note that for two distinct reductive spectra A, A' 6 crj(A), one has BB' = for any 
{B,B') 6 {Pa,a) X (Paa')- Indeed, it is trivial when 5 = or 5' = 0. If 5 and 
B' 0, then for any e 6 (0, 1), take elements (Pa,aDPa,a, Pa,a'E>' Pa,a') 6 Pa,a-^Pa,a x 
Pa,a'^Pa,a' such that ||5 - Pa,aDPaA\ < min{ei|5'|rM|5||} and \\B' - Pa,a'D'Pa,a'\\ < 
min{e||5|r\ ||5'||}. Then one obtains 

WBB'W 

= 11(5 - Pa,aDPa,a)(B' - Pa,a'D'Pa,a') + (B - Pa,aDPa,a)Pa',aD' Pa,a' 

+Pa,aDPa,a(B' - Pa,a'D'Pa,a' + Pa,aDPa,aPa,a'D' Pa,a')\\ 
< max{6^, 6, 6,0} = 6 
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and hence \\BB'\\ = 0. Therefore for elements F, F' e Y\Aeo--(A)^PA,A)^ has 



E_fA E.^A 

^,Aeo-;f(A) 7 VA'eo"j('4) J 



= mcpiF'), 



and hence (p is multiplicative. Moreover the sum Easo-ca) ^a,a is the identity I e £/ and 
it means that is a /r-algebra homomorphism. Furthermore it is injective because it has 
the right inverse map 

(A: ^ Y] (Pa,a) 

B ^ (Pa.aBP A,A)Aea-^(A) ■ 

Be careful that iff is neither the left inverse map of nor a ^-algebra homomorphism in 
general. Now for an element F e nAeo-(A)(^A,A)' one has 



ll<^(i^)ll 



E 



< max IIFaI 

Aeo-^(A) 



\\F\\ 



and 

IIFII = UicPiFM = max_ ||/'a,a0(^)^a,aII < max_ ||PA.Allll0(i^)llll/'A,All = 110(^)11, 

Aeo-j(A) Aeo-^(A) 

and it follows that is an isometry. 
Thus the composition 

Crig((r^(A),fc) % Y] Crig(Ancr^(A),fc) = ]~[ Cng{(r^p,dPA,AA),k) 

Aeo-;j(A) Aeo-;j(A) 

n (pa,a) ^ 

is an isometric ^-algebra homomorphism sending the coordinate function z: cr^(A) k 
to A e jz/, and is the continuous functional calculus of A in £/. □ 

We verify properties of this partition of unity so that we formulate a criterion for the 
continuous functional calculus analogous to the algorithm in Theorem 16.71 Note that 
we assumed ||A|| = 1 in Proposition 16. 8[ but the replacement of A by Pa.a^ does not 
preserves such a norm condition. Therefore when we consider the criterion, we have to 
assign some suitable condition of the norm map of £/. 



n 'pa.a^ 
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Lemma 6.14. In the situation in Proposition \6.8\ for an element a 6 k°, one has \\A-a\\ < 
1 if and only z/cr^A) = {a}. Moreover then one has A e ^/(ly^. 

Proof. Suppose ||A - a|| < 1. Then obviously A-a = A- a = Oe . and therefore 
a e cr^A). For an element b e k° with b i^a, one has 

A-b = {a-b) + {A-a) = {a- b){l + (a - br\A - a)) 6 k{lT{\ + J^(l-)) c £^{\T 

by Proposition I2.17[ and hence b i cr^A) by Proposition 13.41 It follows cr^A) = {a}. 
The inequality ||A - a|| < 1 = ||A|| implies \a\ = 1, and hence ^ o-^A). Therefore 
A 6 j/(l)^ by Proposition 13 .41 

On the other hand, suppose cr^A) = {a}. Since A admits the reductive functional 
calculus, one has A = a. Therefore ||A - a|| < 1. □ 

Proposition 6.15. Let A e £/ be a reductively finite element admitting the reductive 
continuous functional calculus. For an element a e with \\A\\ = \a\, the canonical 
homeomorphism cr^i/iA) crji/(a~^A) c k° and the canonical projection k° ^ k induces 
a surjective map cr^^^A) cr^a^^A). In particular crj^{A) 4^ 0. 

This is obviously an analogue of Proposition 16.51 Unlike the matrix case, one has to 
assume the unitarity of the normal reduction, but such an assumption is not so crucial 
because we will assume it in the criterion of the unitarity in Theorem l6.22l 

Proof. Replacing A by a"'A, we may and do assume ||A|| = 1 without loss of generality, 
and then crc/(A) c k° . For a spectrum X 6 (^^/(A), one has A - X i by definition 
and hence A - X ^ £/{l)^. It follows X 6 cr^A) by Proposition 13. 4[ and therefore 
the projection k° ^ k induces the reduction map cr^{A) cr^A). Take a section 
[■] '■ c''^^) ^ ^° : A ^ [A] of the restriction of the canonical projection k° k on the 
finite subset cr^A) c k. Assume the reduction map is not surjective, and take a reductive 
spectrum A 6 cr^A) which is not contained in the image of cr^(A). Denote hy X e k° the 
representative [A] 6 A. The previous lemma guarantees that ||A - /l|| = 1, and therefore 
since A admits the reductive continuous functional calculus. A- A = A - X admits the 
continuous functional calculus. Therefore one obtains the partition (PA-A,A')A'eo-^A-A) of 
unity by Proposition l6.8[ Remark that cr^A - A) = {A' - A | A' 6 cr^^A)}, and hence ^ 
cr^A - A) because of the way of the choice of A. Set U'--''^ := YjA'ea-^A-A)\-^'y Pa-a.a' ^ 
£^(1) for each 5 e {1, -1} c Z. Then one has 

f/(i)f/(-i) = = ^ [A'][A"]-'Pa-aa'Pa-a.a" = = 1 ^ 

A',A"ea-^A-A) A'eo-^A-A) 

and hence U^^^ e By the construction of the partition (PA-A,A')A'ecr^A-A) of unity, 

one obtains U^^'> = A(;5_^(1a') = A - A, and therefore \\U^^^ - {A- X)\\ < 1. 

It follows that 

A-X = U''^ - (U^'^ - (A - X)) = U''' (1 - - (A - X))) 
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e ^(If (1 + = ^(If , 

and hence K = A i crj^A) by Proposition 13 .41 It contradicts the condition A 6 cr^A), 
and thus the reduction map (Tj^(A) crg^A) is surjective. □ 

Corollary 6.16. If a reductively finite element A 6 admits the reductive continuous 
functional calculus, then one has 



\\A\\= sup \A\. 



See also Proposition 14.241 



Proof. It suffices to verify the equality in the case ||A|| = 1, and then one has 1 = ||A|| > 
^^PAeo-^(A) 1^1- Assume sup^gg.^(^) < 1- By Proposition l6.15[ one obtains cr^A) = {0}, 
and since A admits the continuous functional calculus, one acquires A = 0. It contradicts 
the fact ||A|| = 1, and hence sup^gg.^(^) = 1- □ 

Definition 6.17. Suppose k is a local field, Definition \2.31\ and \\^\\ = \k\. Take a 
uniformiser nek. For a non-zero element A e £/\{0}, denote by v(A) the logarithm 
- log|^| ||A|| 6 Z. Then v(A) is independent of the choice ofn e k. 

Definition 6.18. Suppose k is a local field and \\^\\ = \k\. Take a uniformiser n. Set 
jyii{s^) := s^, and define the maps Pq and ro in the following way: 

Pq: ^i(^) ^ £^ 
A ^ 1 

A ^ Po(A)A = A. 
An element A e is said to he naive of level a? if one of the following holds: 

(i) A = 0;or 

(ii) A is a non-invertible reductively finite element admitting the reductive continuous 
functional calculus. 

Denote by ^(^Z) c ^ the subset of naive elements of level at 0, and define the maps 
P{-, ^) = Pi and ri in the following way: 



A ^ P{A,s^) = Pi{A): 

ri : ^i(^) 

A ^ Px{A)A = P{A 



{If(i) holds.) 

Pn^-WAfi (If ( ii) holds. ) 
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Inductively for each i e N, set J/i^i{.£^) := r {,yVi{.G/)) c and define the maps 

Pi+2 and r,+2 in the following way: 

/',-+2: ^+i(^) ^ (/',•+! (A)) c ^ 

A ^ P(PiMA)A,(Pi^,{A)))Pi^dA) 

A ^ ri+i(ri(A)) 

r/zen one /za5 r,+i(A) = i',+i(A)A anJ /',+2(A)/',+i(A) = i',+i(A)i',+2(A) = Pi^2(A) for 
any i e N an J A e ^(^). An element A e is said to be naive of level i at a point 
A £ cr^(A) if A - A £ ^i{£^)for an integer i e N. An element A 6 is said to be naive 
at a point A 6 cr^i/iA) if A is naive of level i at a point A e o-j;^{A)for any integer i e N. 
An element A e is said to be naive if A is naive at any point A e cr^(A). The notions 
above are independent of the choice ofnek. 

Lemma 6.19. Suppose k is a local field. For a non-empty compact subset cr c k, one has 
\\C(cr, k)\\ = \k\ and the coordinate function z'. cr k in the Banach k-algebra C(cr, k) is 
naive. 

Proof. The first implication is trivial by the maximal modulus principle of a continuous 
function on a compact topological space. For an integer / 6 N and a spectrum A e 
o'c{a;k)iz) = cr, wc Verify that z is naive of level / at a point A e cr. One has 

o-c(o-,k){z - A) = o- - A := { A' - A\ A' e 0-] , 

and the parallel transform cr^cr-A:=z^z-A induces the isometric isomorphism 
C(cr, k) C(cr - A, k) sending z - Aio the coordinate function z' '■ cr - A k. Therefore 
replacing cr by cr - /I, we may and do assume A = e cr. If z = 0, i.e. cr = {0}, then z 
is naive at by definition. Otherwise, replacing cr by a V for an element a e k^ with 
llzll =]a\, assume ||z|| = 1. Denote hyack the image of cr by the canonical projection 
k° -» k, and note that crc{o;kr(z) = by the proof of Proposition 14.381 

It is obvious that z is naive of level at by Proposition I4.38[ and the partition 
(Pj A)Aeo= of unity is the system of the characteristic functions of the cosets of cr given 
by the projection cr -» o^. The multiplicative ^-Banach subspace (P^^) c C(cr, k) is 
identified with the Banach fc-algebra C(cr n k°°,k) by the restriction, and the function 
ri(z) = PzfiZ 6 C(cr, k) corresponds to the coordinate function of the non-empty compact 
subset a f\k°° (Z k through this identification. Therefore the induction on the level / 
works, and hence z is naive at 0. □ 

Lemma 6.20. Suppose k is a local field and = \k\. Then one has \\ri+i{A)\\ < |;r|''^^||A|| 
for an element A e ^i(^), an integer i e N, and a uniformiser nek. 

Proof. It suffices to verify the inequality in the case ||A|| = 1 and i = 0, and then the 
estimation is trivial by Corollary 16.161 □ 
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Remark 6.21. In the situation above, for a naive element A 6 of level i eM at 0, the 
norm ||r,+i(A)|| = ||/',+i(A)A|| < |;r|'"^^||A|| coincides with or the radius of the (i + \)-st 
largest closed disc in crj^(A) centred at 0. In particular since the valuation of a local 
field is discrete by definition, the norms forms a strictly decreasing sequence converging 
toO. 

Theorem 6.22. Suppose k is a local field and \\^\\ = \k\. Then an element A e admits 
the functional calculus Ia '■ C(cr^(A),^) if and only if A is naive. 

Proof. If A admits the functional calculus, then A is naive by the previous example. 
Suppose A is naive. Take a locally constant function c e C{cr^{A),k). Since cr^(A) is 
compact, there is a positive number r > such that c is constant on each disc of radius 
r in cr_5/(A). Here we mean by a disc of radius r (or r-) a subset of cr,c/(A) of the form 
{b 6 cr^(A) \ \b-a\<r\ (resp. {b e cr^(A) \ \b-a\ < r}) for some a e a,e/{A). Replacing 
r by a smaller number, we may and do assume r 6 \k^\. For each spectrum A 6 a^{A), 
since A is naive at A, there is an integer i 6 N such that ||r,(A - A)\\ < r, and denote by 
i^ e N the least integer among such integers. Closed discs centred at some A G cr^(A) of 
radius ||r,-,(A-/l)|| covers cr^^(A), and ||r;^(A-/l)|| = only when A is isolated in cr^e/(A) by 
the construction of r/ , . Therefore the closed discs has a finite disjoint subcovering because 
a closed disc of positive radius is open in an ultrametric space. Let Ai, . . .,A„ 6 (T_^(A) 
be the centres of the closed discs in the subcovering. Define the substitution c(A) as the 
sum 2"=i c(/ly)/',-,.(A - Aj) £ S2f. By Proposition l6.1 1[ one has 

||c(A)||=max;Li|c(i)| = ||c||. 

Now the image c(A) is independent of the choice of r > and the covering of crji/{A) by 
closed discs of radii no greater than r. Indeed, the sum of the partition of unity is 1, and 
hence the image c(A) is stable under the refinement of the covering. 

Given two locally constant functions c, c' : cr,/{A) k, take coverings for the def- 
inition of c(A) and c'{A). Refining them, suppose they are a common covering. Then 
the equalities (c + c)(A) = c(A) + c'(A) and (cc)(A) = c(A)c'(A) are obvious. More- 
over, for a constant map c e k G C(cr^(A), k), the image of c(A) coincides with c e k 
by definition: the covering is taken by the singleton of the total space cr(^(A). Thus 
the substitution map c i-^ c(A) is a ^-algebra homomorphism from the ^-subalgebra of 
c(cr^(A), k) c C(cr^(A), k) of locally constant functions to £/, and is an isometry with 
respect to the restriction of the supremum norm of C((T^(A), k). 

Since cr^(A) G k is a totally disconnected compact Hausdorff topological space, 
the fc-subalgebra c(cr,^{A), k) c C(cr^(A), k) is dense, and therefore it can be uniquely 
extended to be the isometry la '■ C(cr^(A), k) . It is obvious that it sends a sequence 
of locally constant functions converging to the coordinate function z '■ cr^(A) ^ to a 
sequence converging to A e ^ because the approximation of A by the linear combination 
of the projections works in modulo (||A||-) = ;r'''^^^^^,e/(l), where :7r e ^ is a uniformiser. 
We conclude that Ia is the continuous functional calculus. □ 

The criterion for the normality in Theorem l6.22l possesses the process of the induc- 
tive calculus with infinite steps, and hence the practical use of the criterion needs some 
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conditions of an operator which give it kind of the structure of a fractal. See the following 
example: 

Example 6.23. Suppose k is a local field over Qp. Set s^/ := ^<.(Co(Z, k)), and consider 
the element A e whose matrix presentation with respect to the canonical orthonormal 
Schauder basis o/Co(Z, k) is 



M 



-2 


p 




p' 


p' 





-1 


p 


p' 


p' 











p 


p' 











1 


p 














2 



where the centre of the matrix presentation above is the (0, 0)-entry. It is obvious that 
\\A\\ < 1 and Z c cr^(A). Therefore one has \\A\\ = 1 and Zp = crjj{A). Its nor- 
mal reduction coincides with the matrix reduction by Proposition 13.91 and the reduc- 
tion trivially admits the continuous functional calculus because the matrix presentation 
of the reduction is a diagonal matrix. The reductive spectrum c^A) coincides with 
Fp c k. For the partition {PA,h)Ke¥p, it is easy to see that the triads {A, , Q)(Z,k)) and 
(P^ ;A, (P^ ■■), Co(z + pZ, k)) of the p-adic Banach representations admits similar matrix 
presentations for each z = 0, 1, and hence the induction process in Theorem \6.22\ 

works. Indeed it admits the continuous functional calculus La '■ C(Zp, k) , and for a 
continuous map F : ^ k, the matrix presentation of the substitution la{F) = F{A) is 



F(M) 



F{-2) (F(-l)-F(-2))p (F(0)-F(-l))p2 (F(l) - F(0))p3 (F(2) - F(l))/ 

F(-l) (F(O)-F(-l));? (Fa)-F(0))p^ {F(2) - F(\))p' 

F(0) (F(l)-F(0))p iF(2)-Fil))p^ 

F(l) iFi2)-F(l))p 

F(2) 



which is analogous to the holomorphic functional calculus of the Toepliz operator, Ex- 
ample 15.71 It is remarkable that the difference F(n + 1 ) - F(n) appears in the entry of 
the matrix presentation of the continuous functional calculus, while the differential co- 
efficient Fn = (n\y^(d"F/dT")(0) does in the matrix presentation of the holomorphic 
functional calculus of the Toepliz operator The differential operator F{z) ^ F'(z) is 
continuous in the class of rigid analytic functions F e k{z}, and the difference operator 
F{z) ^ F(z + 1) - F(z) is continuous in the class of naive, i.e. continuous, functions 
F 6 CiZp,k). 
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7 Unbounded Normal Operator 



Finally we formulate the continuous functional calculus for an unbounded operator and 
give the explicit definition of a non-Archimedean physical quantity. Many of important 
Archimedean physical quantities, such as the momentum P = d/dx and the Hamiltonian 
E = H, are unbounded, and hence we have to consider unbounded operators. Note 
that an Archimedean physical quantity is presented by a closed self-adjoint operator, and 
hence it admits the continuous functional calculus using the spectral measure even if it 
is unbounded. Therefore the analogous notion, a non-Archimedean physical quantity, 
should also be presented by an operator admitting the continuous functional calculus in 
some sense. To begin with, we introduce the notion of the spectrum of an unbounded 
operator. In this section, let V be a ^-Banach space, W c V a ^-vector subspace, and 
cr cka non-empty closed subset. 

Definition 7.1. For an operator A : W ^ V, denote by p(A) c k the subset of points t € k 
such that the operator A - t: W ^ V is injective and its inverse map (A - t)~^ : V 
W V is bounded. Call it the k-rational resolvent of A. Set cr(A) := k\p(A), and call it 
the k-rational spectrum of A. If there is no ambiguity on k, just call it the spectrum of A 
for short. 

Proposition 7.2. For an operator A: W ^ V , the spectrum cr{A) c k is closed. If A is 
an everywhere defined bounded operator, i.e. A e l^ki^), then cr{A) = crgg^^y){PL) and it is 
a bounded closed subset. 

Proof. The first assertion follows from the equality 

CO 

(A - 0"^ = (A - t^r\\ -{t- to){A - to)-') = (A - ^o)-' YJ"^ - tofiA - ?o)-" G 

for any to e p(A) and s e k with \t - to\ < \\A - to\\. The second assertion is trivial by 
definition. □ 

Definition 7.3. For a totally disconnected metric space X, a continuous function f:X—> 
k is said to be tempered if the restriction f\s : S kis bounded for any bounded clopen 
subset S c X. The subset Ctem(X,k) c C(X,k) of tempered continuous functions coin- 
cides with the intersection of the pre-image ofCbd(S,k) c C(S,k) by the restriction map 
C(X,k) C(S,k)for all bounded clopen subsets S c X, and hence is a k-subalgebra. 
Endow k) with the topology of uniform convergences on each bounded clopen 

subset, i.e. a net (f)iei in Ctem(X, k) indexed by a directed set I converges to f e CtemiX, k) 
if and only if for each bounded clopen subset S c X, the restriction ifi\s)i€i converges to 
/Is in ChdiS,k). 

Example 7.4. If a totally disconnected metric space X is bounded, then one has Cbd{X, k) = 

Ctemi-^t k). 
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Lemma 7.5. The k-subalgebra k[z] c C(cr, k) generated by the coordinate function 
z'- cr k is contained in Ctem{o-,k). Furthermore, for a continuous function f 6 k\z\ 
invertible in C(cr, k), its inverse f~^ e C{cr, k) is bounded, and in particular tempered. 

Proof. The first assertion directly follows from Lemma 14.151 Take an algebraic closure 
K of k. Since k is complete subspace of the metric space K, k is closed in K. For a 
continuous function / 6 k{z\ invertible in C(cr, k), take a polynomial F e k[T] with 
F(z) = /, and let Z c ^ be the set of zeros of F in ^. If F 6 k, then / is a constant 
function and hence its inverse is bounded. Therefore consider the case F ^ k. Since / 
is invertible, F is a non-zero non-scalar polynomial, and it follows that Z is a non-empty 
finite set. In particular, Z c ^ is a non-empty compact subspace of the metric space 
K, and the distance d e [0, oo) between Z and the closed subset cr (Z k <z K is positive 
definite. Therefore for a spectrum A e a, one has 1/"^-^)! = \F{zT'^{X)\ < d~'^'^^^ , and 
hence is bounded. □ 

Definition 7.6. Endow Ctemio; k) with the topology of uniform convergences on each 
bounded clopen subset, i.e. a net {f)iei in Ctemicr, k) indexed by a directed set I converges 
to f e Ctem{o-, k) if and only if for each bounded clopen subset S <z cr, the restriction 
ifi\s)iei converges to f\s in CbdiS,k). 

Lemma 7.7. The inclusion Cbdic, k) Ctem(c, k) is continuous. 

Proof. The continuity of the inclusion is obvious because the restriction maps are con- 
tractions. □ 

Remark that the topology of uniform convergences and the topology of uniform con- 
vergences on bounded clopen subsets diff'er when a is not bounded. Therefore the inclu- 
sion above is not a homeomorphism onto the image. 

Definition 7.8. For a bounded clopen subset S c cr, define a multiplicative k-linear map 
• Cbd{S,k) Cbdicr, k) as a map sending a bounded continuous function f: S k to 
the extension of f by outside S , which is continuous because S c cr is clopen. Then 
obviously 1^ is the right inverse map of the restriction map Chd(cr, k) ChdiS,k). 

Lemma 7.9. For a bounded clopen subset S c cr, the extension map IJ : CbdiS,k) 
Cbd(o-,k) is the right inverse map of the restriction map Cbd(o-,k) Cbd(S,k) and is 
continuous. 

Proof. The first assertion is obvious. Since IJ is a contraction, it is continuous. □ 

Definition 7.10. Denote by Crigicr, k) c Ctem{cr, k) the closure of the localization ofk\z\ c 
Ctemicr, k) by functions in k\z\ H Ctem(cr, k)^. 

Definition 7.11. A non-empty closed subset cr c kis said to be analysable if it admits an 
increasing sequence 5 o c 5 1 c ■ • ■ c cr of bounded clopen subsets such that Umen S „ = cr 
and the characteristic function Is,, : cr ^ k ofSn is contained in Crig{cr, k)for any « 6 N. 
Call such an increasing sequence SQ<zSi<z---<zcran analysable filtration ofcr. 
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Be careful that a refinement of an analysable filtration is not necessarily an analysable 
filtration, because the class of rigid continuous functions does not possess enough idem- 
potents while that of bounded continuous functions does. 

Example 7.12. Ifcrckis bounded, then cr is analysable and the convention Crig{,cr,k) 
coincides with the previous one, Definition \4.16\ 

Lemma 7.13. For a bounded clopen subset S c cr, if its characteristic function Is : cr ^ 
k is contained in Crig{cr, k), then the image ofCrig(S,k) by the extension map 1 J : C,.ig(S,k) 
Cbdicr, k) is contained in C,ig(cr, k). 

Proof. Trivial by the definition of the topology of Ctem(o", k). □ 

Definition 7.14. An operator A: W ^ V is said to be closed ifWdV is dense and if its 
graph Ta '■= {{w,Aw) \ w e W} c W x V is closed. Denote by C4(y) the set of closed 
operators on V. 

The class of closed operators is one of practical generalisations of the class of every- 
where defined bounded operators. 

Example 7.15. An everywhere defined bounded operator is closed. Therefore one has 

mv) c chiv). 

Proposition 7.16. Suppose the valuation ofk is non-trivial. An everywhere defined op- 
erator A: V ^ V is bounded if and only if it is closed. 

Proof. This is what is called the closed graph theorem. See [IBGRL 2.8.1. □ 

Now we define the continuous functional calculus for a closed operator. Be careful 
that the following formulation is not suitable one for the definition of the normality of an 
operator because it lacks the uniqueness of the continuous functional calculus. We will 
assign to a normal operator the additional condition of the uniqueness of the continuous 
functional calculus. 

Definition 7.17. An operator A: W ^ V is said to admits an extended continuous func- 
tional calculus if its spectrum cr{A) c k is analysable and there are a map 

La-. C,,g{o-(A),k)^Ch(V) 

and an analysable filtration 5o c 5 1 c • • • c cr(A) ofcr{A) satisfying the following: 

( i) The map la preserves the addition, the multiplication, and the identity; 

( ii) For any n eN, the idempotent la{\ s„ ) everywhere defined bounded projection, 
WaO-s„)\\ = 1. and its image i^ClsJC^) = ker(l - la{^s„)) c V is contained in W; 
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(in) The the image of Crigicr(A), k) n ChdicriA), k) by Ia is contained in ^kiV), (^nd the 
restriction 

La : Crig{o-{A\ k) n Cm{(t{A), k) ^ V) 
is an isometric homomorphism ofBanach k-algebras; 

(iv) For a rigid continuous function f e Crigicr(A),k), the sequence {i-AO-s„f))nm 6 
^jt(y)^ of projections converges to tA^f) 6 Clk(V) with respect to the topol- 
ogy of pointwise convergences, i.e, for any v e V in the domain of f, one has 
lim„^oo la(IsJ)v = fv; and 

(v) The composition 

La o \l_ : Crig(Sn,k) ^ Cng(cr(A),k) n CtAo-(A),k) ^ ^k(V) 

induces an isometry 

iM(i5„)AU,-^(i5„)): Crig(Sn,k) ^Kker(l -la(IsJ)) 

sending the coordinate function ls„z'- S „ ^ k to tA(ls„)A|ker(i-tA(i5„))' where the 
operator algebra ^i:(ker(l - LAils,))) is identified with {laO-s„)) c '^k{y) by the 
isometry given by the inclusion and the restriction of operators on the A-stable 
closed subspace ker(\ -La(Is„)) c V. 

Call La an extended functional calculus of A associated with Sq <z S \ c ■ ■ ■ c cr(A). 

Example 7.18. An everywhere defined bounded operator A: V ^ V admits an ex- 
tended continuous functional calculus associated with the canonical analy sable filtration 
S Q = S I = ■ ■ ■ = cragi^(V){A) of cr{A) = o-asj^{y){A) ifands only if it admits the continuous 
functional calculus. 

Lemma 7.19. In the situation in Definition \7.17\ the union W c W of the images of the 
projections la{Is„) is dense in V. 

Proof. For any v eV, one has 

limiA(l5jv = la(\)v = V 

by the conditions (i) and (iv). Therefore W <z V is dense. □ 

Lemma 7.20. In the situation in Definition \7.17\ for any rigid continuous function f e 
Crig(.cr(A), k), the domain of the closed operator LA^f) contains W. 
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Proof. For any w eW, take an integer 6 N with la(}-Sn)w = w. Then one has 

lim \\la{IsJ)w-la{IsJ)w\\= lim \\laO-sJ>a{^s,)w - La{^sJ)i-aO-s,)w\\ 

n,m— >oo n,m— >oo 

= lim \\la{IsJ^s,)w-La{IsJ^s,)w\\= lim \\laO-sJ)w-la{\sJw\\ = Q 

n,m—*oo n,m—*oa 

by the conditions (i) and (iv), and hence the sequence {LAO^s„f)w)nsM converges to an 
element v 6 V by the completeness of V. Since iA{f) is densely defined and a metric 
space V is first countable, there is a sequence (w„)«ew in the domain of laU) converging 
to w. Then one obtains 

lim(w„, iA(/)w„) = \\m{LAilsJ,LAilsJ) \mi{LA{\sJWn,LA{\sjLAif)Wn) 

n^N m^N n^N 

= lim MmUAilsJWn, lAC^sJ^AiDwu) = lim lim(tA(l5,„)w,„ LaOsJ^h) 

m—>N n—>N m—>N n—>N 

= lim \im(LA(lsJWn,LA{ls,J'^sJWn) = lim lim(tA(l5,„)w,„tA(ls„,/)tA(ls„)w«) 

m— »N n— >N m— >N n— »N 

= limaA(l5„)w, tA(l5,„/)iA(ls,Jw) = lim(iA(ls„,)w, LAils,J)w) = (w, v) 

by the conditions (i), (ii), and (iii), and hence w is contained in the domain of iA(/) by its 
closedness. □ 

Lemma 7.21. Let A: W ^ V be a closed operator admitting an extended continuous 
functional calculus la- For a polynomial F e k[T], one has La(F(z)) = F{A), where 
z' cr(A) '-^ k is the coordinate function. 

Proof. By the condition (i), it suffices to show that (a(z) = A. Let 5o c 5 1 c • • • c cr{A) 
be the analysable filtration of cr{A) with which la is associated. For any w e W, the 
conditions (iv) and (v) and Lemma 17 . 201 guarantee that 

tA(z)w = limfA(l5„z)w = limiA(ls„)Aw = la(1)Aw = Aw, 

n^N fieN 

and hence LAiz) = A because W <zV is dense. □ 

Since a refinement of an analysable filtration is not necessarily an analysable filtra- 
tion, an extended continuous functional calculus is not unique in general even when an 
analysable filtration 5o c 5i c • • • c cr{A) is given and fixed. In other words, the pro- 
jection tA(l5„) 6 ^k(V) is not determined by the bounded clopen subset 5„ c cr(A). On 
the other hand, the increasing system (iA(ls„))neN e ^kiyf^ of projections possesses the 
information of the analysable filtration So c 5 1 c • • • c cr{A). 

Proposition 7.22. For an extended continuous functional calculus la of A associated 
with an analysable filtration S q <z S \ <z ■ ■ ■ <z cr{A), one has cr(/'A|ker(i-p)) = Sn and 
cr((l - i')Alker(P)) = (T{A)\S,Jor any n 6 N. 

Proof. Take an integers e N, and set P := LaO^s,) £ ^k^V)- Since PA admits an isometry 
tpAU,_p,: Crig(5„,fc) ^ ^,(ker(l -P)), 
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ker(P) 
ker(P) 
ker(P) 



by the condition (v), one has cr(PA|ker(i-p)) c 5„. Take an element A e 5„. One has 
((1 - hjz - (1 - h,Mr' e Cbd((r\5„, k) and (1 - hjz - (1 - hJA e Cn,(cr\Sn, kT by 
Proposition |4T8l One obtains 

Hi-P)AW.,n (d - hjz - (1 - l5„)^)-^) (d - P)A - (1 - P)X) 
= Hl-P)AW.,n (((1 - hjz - (1 - l5ji)-l) i(l-PM|,,„((l - hjz - (1 - l5„)^) 
= (^A o i;„) (((1 - hjz - (1 - hJ^))-% o i;„)((l - hjz - (1 - l5„U)|,^^(^^ 

= (((1 - hjiz -A) + hj'' - h,)iAiil - hjiz - A))l^^^^^ 
= lim La (h„, (((1 - hj(z -A) + hj-' - h„)] lim iAih,,a - hjiz - A)) 

n'—>co \ ^ ' ln"^ca 

= lim lim La ih, (((1 - hjiz -A) + hj-' - 15„)>A(15„.(1 - hjiz - A)) 
= lim lim lA [h, (((1 - hjiz - ^) + hj~' - l5„) l5„„(l - hJiz - A)) 

= lim lim LAih, l5„„(((l - hjiz - + hj'' - ls„)(((l - hjiz - + l5„) - ls„))lker(P) 

/i'— »co n' —^OQ 

= lim tA(l5„,(((l - hjiz -A)+ hj'' - - hjiz -A)+ hj - hJ)ker(P) 

n —>oo 

= lim ^^(15^/(1 — Sn— Sn-^S n))\ker{P) = ^aCI " S H)|ker(P) 

>oo 

= (iA(l) - tA(5„))|ker(P) = (1 - /')lker(P) = 1 6 ^^0^) 

and similarly ((1 - P)A - (1 - P)A)LAiiil - hjz - (1 - Is,,)^)"') = 1 6 ^^(kerCP)). It 
follows i^(((l - ls„k-(l - IsJ^r') = ((1 -/'M-Cl -/')ir\ and since ((1 - ls„)z-(l - 
IsJA)-' e Cbd(cr,fc), one acquires i^(((l - Isjz- (1 - IsJ^T') 6 =^^(ker(/')). Therefore 
/I i cr((l - /')Alker(P))- Assume A i cr(/'A|ker(i-p))- Then one gets 

(A - X) (PiPAV,,(,^p^ - PA)-' P + (l-P) ((1 - mikercp)!! - PUy' (1 - P)) 
= iiAP-AP) + iA(l-P)-Ail-P))) 

(/'(i'Alker(l-P) - PA)'' P + H-P) in - mikerCP) - d - P)A)'' (1 - P)) 
= iAP - AP) (PAIkerd-P) - PA)-' P + (A(l - P) - i(l - P)) ((1 - /')Alker(P) + (1 - Z')^)'' (1 - 
= P (PAIkerd-P) - PA) (PAIkerd-P) - Z'^)'' 

+(1 - P) in - /')Alker(P) - (1 - P)A) in - P)Alker(P) - (1 - P)A)-' (1 - P) 
= /'llker(P)/' + (1 - /')l|ker(P)(l - P) = P' + (I - P)' = P + (I - P) = I E ^,{V) 

and similarly (/'(/'A|ker(i-p)-/'^)-^/'+(l-/')((l-/')A|ker(P)-(l-/')^)(l-/'))(A-^) = 1 e 
^,(y). It implies that (A-^)-i = (P(PA|ker(i-p)-/'^)-^/'+(l-/')((l-/')A|ker(P)-(l-/')^) e 
^^.(y), and it contradicts the condition A 6 cr(A). Hence A e cr(/'A|ker(i-p))- One has 
cr(/'A|ker(i-p)) = 'S'n and cr((l - /')Alker(p)) c For a resolvent /I 6 c cr(A), the 

equality 

((1 - /')Alker(P) - (1 - P)A)iA - i)-\er(P) = (A - i)~\er(P)((l - ^IkerCP) - (1 - P)A) 
= il-P)iA- i)|ker(P)(A - A)-\,r(P) = (1 - /')lker(P) = l|ker(P) 6 e^^kerCP)) 
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guarantees A i cr((l - /')A|ker(/>))- Therefore one obtains cr((l - /')A|ker(P)) c cr(A)\5„. 
For an element X e cr(A)\5„, assume A i cr((l - /')A|ker(P))- Since /I ^ 5„ = 
^/gmaCPAIkerd-p)) and X i cr((l -/')A|ker(P)), one obtains (PAIkerd-p) 6 ^^ytCkerCP)) 

and ((1 - /')Alker(P)) - (1 - P)'^)'^ e ,^^(ker(l - P)). Then one acquires 

(A - A) (P{PA\i,,,a-P) - P^r'P + (1 - ^)((1 - miker(P) - (1 - - P)) 

= (/'(/'Alker(l-P) - PAT'P + (1 - P)((l - mikerCP) - d - PUT'd ' P)) (A - A) 

= ({AP - AP) + (Ail - P) - Ail - P)) 

(/'(/'Alker(l-P) - PAT'P + (1 - P)((l - mikerCP) - (1 - - Z')) 

= (A - i)/'(PA|ker(l-P) - Z'^)"'/' + (A - A)(l - P)ia - /')Alker(P) - (1 - P)Ay\l - P) 
= /'(PAIkerd-P) - i'i)(/'A|ker(l-P) - Z'^)''/' 

+(1 - Pm - mikerCP) - (1 - P)Am - mikerCP) - (1 - P)Ar\l - P) 
= Pllkerd-P)/' + (1 - /')l|ker(P)(l - P) = + (1 - = P + (1 - P) = 1 6 

and hence (A-Ay' = P(PA\^,,^,.pj-PAy'P + (l-Pm -/')lker(P)) -d -P^rHl -Z') e 
=^i:(y). It contradicts the condition A e cr(A), and one get A e cr((l - /')A|ker(P))- Thus 
one has a-((l - P)A|ker(P)) = cr(A)\5„. □ 

The uniqueness of the continuous functional calculus is one of the most important 
condition for a physical quantity, and hence we assign the condition here. 

Definition 7.23. An operator A: W ^ V is said to be a k-valued normal operator if 
it is a closed operator admitting an extended continuous functional calculus and if an 
extended continuous functional calculus la is independent of the choice of an analy sable 
filtration and is unique. 

At last, one has obtained one of formulations of p-adic Quantum theory with un- 
bounded p-adic physical quantities. This is the obvious extension of Definition 14.3 II 

Definition 7.24 (unbounded physical quantity). A p-adic physical quantity over k is a 
k-valued normal operator on a strictly Cartesian k-Banach space. 

We finished the formulation of the non-Archimedean analogue of the continuous 
functional calculus of an operator. A bounded p-adic physical quantity over k. Definition 
I4.31[ is a p-adic physical quantity. The uniqueness of an extended continuous functional 
calculus is hard to verify in general if an operator is not bounded, and we introduce a 
good class of operators where the uniqueness is clearer. 

Definition 7.25. A metric space X is said to be proper if any bounded closed subset is 
compact. 

A proper metric space is countable at infinity as a topological space because it admits 
an exhaustion by closed balls of increasing radii. In particular it is cr-compact and hence 
Lindelof. Moreover, it is locally compact Hausdorff. A closed subset of a proper metric 
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space is again proper. For example, closed subsets of fc" is proper if = R or C, or if k is 
a local field. In particular, a spectrum of an operator on a Banach space over such a field 
k is proper. 

Lemma 7.26. Ifcrckis proper, then one has I5 e Crig{o-,k) for any bounded clopen 
subset S <z cr. 

Proof. Let / be the directed set of bounded clopen subsets of a containing S . For pairs 
(T,n),iT',n') e / X N, we write {T,n) < {T ,n') if T G T' and n < n' , and then the 
binary relation < on / x N is a directed order. For each (T, n) e / x N, since T is compact 
by the propemess of cr, there is some continuous function f:T^k contained in the k- 
subalgebra ^[l^z] c C(r.cr) generated by the coordinate function l^z: T '-^ k such that 
II I5 ~ /II < P" by Proposition l4.21[ Since the restriction map k[z] ^ ^[Ij-z] : z 1-^ lyz is 
surjective, there is a pre-image „ e k[z] whose restriction is /. Therefore by the axiom 
of choice, one obtains a directed system (/r,n)(7-,n)e/xN 6 c Ctem(o", k)'^^^ such that 

II I5 - /r.nlrll < P'" for any (T,n) 6 / x N. The system converges to I5 in Ctem(cr,k) by 
the definition of the topology of Ctem(cr, k), and hence one has I5 e Crig(cr, k). □ 

Proposition 7.27. For a closed operator A: W ^ V, if the spectrum cr(A) c k is proper, 
then an extended continuous functional calculus la is unique. 

Proof. By the uniqueness of the continuous functional calculus of a bounded operator, 
it suffices to verify that the image LAi^s) 6 Cl{V) is independent of the choice of an 
extended functional calculus for a bounded clopen subset S c cr(A). Take an analysable 
filtration 5o c 5i c ••• c cr{A) and an extended continuous functional calculus la 
associated with 5 c S 1 c • • • c cr(A), and for a bounded clopen subset S c cr, we prove 
that tA(ls) is determined by S presenting it only by S . Note that since S is compact by 
the propemess of cr(A), S is contained in 5 in for some N e M, and hence la(Is) £ 
^k(V) by Proposition 14.211 and the condition (v). By the proof of Lemma 17.261 there 
is a net {Fi)if,j 6 k[Ty indexed by a directed set / such that the net {Fi(z))iei 6 klzY c 
Cng(cr{A),ky converges to I5 in Ctem(cr(A), ^). Let W(A) c V be the intersection of the 
domains of operators in k[z] c CltiV). Then W{A) c V is a ^-linear subspace, and is 
dense because it contains W by Lemma 17. 201 Moreover, W{A) contains the image of the 
projection la(Is') for any bounded clopen subset S' c cr(A). Indeed, since S' is compact 
by the propemess of cr(A), and there is some M 6 N such that 5' c 5m- Therefore one 
has I5/ 6 Crig(S M, k) = C(S m, k), and for an element w e V in the image of LaO-s') and 
an operator / 6 k[z\, the equality 

lim \\LA{isJ)w-LA{\sJ)w\\= lim \\la{IsJ)i-a{^Sm)w-La{IsJ)i-a{^Sm)M\ 

n,m— >oo «,m— »cx) 

= lim \\LA{\sMf)w - LA{\sMf)M\ = 
M,m— >oo 

implies w is contained in the domain of / by the same argument in the proof of Lemma 
17.201 Take an element w e W{A). For any positive number e > 0, since lim„^i^ 4^(1 5 Jw = 
w by the condition (iv), there is an integer M e N such that ||tA(ls„)>v - w|| < 6 for any 
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n e M with n < M. By the definition of the topology of Ctem(cr(A), k), there is an index 
i e I such that Us^Fi^iz) - Is II = \\ls„Fr{z) - IsJsW < e for any /' e / with i' > i. 
Take an index e / with i' > i. By the condition (iv), there is an integer L e N such that 
\\iAi\s„Fi'{z))w - LA{Fi'{z))w\\ < e for any n e N with n > L. In particular for an integer 
R G N with n > max{A^, M, L}, one has 

\\Fi,{A)w - iA{h)M\ = \MFi'(z))w - La{Is)M\ = IMFi'iz) - lsF,)w + iAihF, - h 

< max{\\iA(F,(z) - ls,FM,\MhF, - h)M\} 

< max{6,||t^(l5,/,v-l5)|||H|} 
= max{6,||l5„F,v - l^llllwll} 

< max{e,6||w||}, 

and hence lim,g/ Fi{A)w = la(Is)w. Since W(A) and F, are independent of the choice of 
the analy sable filtration So c 5i c • • • c cr(A) and an extended continuous functional 
calculus La, we conclude that the projection LaC^s) ^ ^kiV) is unique. □ 

Corollary 7.28. If k is a local field, then the extended continuous functional calculus la 
of a closed operator A: W ^ V is unique. 

Example 7.29. Let x be an operator on the strictly Cartesian Qp-Banach space Co(Qp, Qp) 
defined as the multiplication of the coordinate function z' Qp ^ Qp- Since Co(Qp,Qp) 
admits an orthonormal Schauder basis consisting of characteristic functions on bounded 
clopen subsets, x is densely defined. Moreover, it is obvious that x is closed. The spec- 
trum cr{x) of X coincides with Qp, and one obtains the extended continuous functional 
calculus 



given by the multiplication. Therefore the position operator x is a p-adic physical quan- 
tity. Note that Lx has the canonical extension given by the multiplication of continuous 
functions which are not necessarily rigid, but such an extension is not unique. 



Here we put examples and propositions referred in ^1] 

Example 8.1. Let Q5 be the field of5-adic numbers, which is a complete non-Archimedean 
field with respect to the 5-adic norm | • I5 : Q5 ^ [0, 00) with |5|5 = 5'' < 1. For an integer 
n > I e M, endow the k-vector space k" with the canonical symmetric k-bilinear inner 
product { ■ \ ■ ) : k" k" ^ k' (f> ^ t/f ^ { ^ \ t/f ) with respect to the canonical basis, and 
consider the map || ■ || : fc" ^ [0, 00) given by setting 



ix-. Crig(Qp,Qp) ^ ClQ^(Co(Qp,Qp)) 



8 Appendix 
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for each / = (/i, ...,/„) 6 fc". Then {k'\ \\ ■ ||) is not a normed k-vector space, i.e. the map 
II • II does not satisfies the triangle inequality and there is a non-zero element f & k" with 
\\f\\. Indeed there is an element i = ■ • -431212 e Q5 with i^ = ■ ■ -4444 = -1 e Q5 and 
the vectors 



6 k" 





' 1 ^ 




' ^ 




' 1 ^ 









/ 




+/ 


f-= 





,<? := 





J±g = 







. , 




. , 




. , 



satisfies 



and 



11/ ± ^11 = Vii + (-i) + o + --- + oi5 = 



IK/ + ^) + (/ - ^)ll = 112/11 = 12I5 = 1 > = 11/ + gll + 11/ - g\\. 

Proposition 8.2. If k is a discrete valuation field with a uniformiser nek, the symmetric 
inner product { ■ \ ■ ) : k^ ®k k^ 



k given by setting 
= 1, 
= 0, 



determines the norm 



/ ^ 



0, 



= n 



[0,oo) 



■=^IKfU' 



which is equivalent with the norm of the k-Banach space k^ associated with the canonical 
basis. 



Proof. For an element (a, b) e k^, one has 



a,b)\\ =J\a^ + nb^ = 



\a\ {if \a\>\b\) 
\n\'2\b\ (if|a|<|Z7|) 



= max{|a|, IttI^IZ^I) 



and hence (k^, || • ||) is a non-strict Cartesian A:-Banach space admitting an orthogonal basis 
(1,0), (0, 1) 6 k^. See [.BGRi for a Cartesian normed fc-vector space and an orthogonal 
basis. □ 

Proposition 8.3. If p = \ [mod.4], or if p = 3 [mod.4] and k 4^ F^, then there is a 
symmetric matrix M 6 M2{k) such that M is not diagonalisable in an algebraic closure 
ofk. On the other hand if p = 3 [mod.4-] and k = ¥p, a symmetric matrix M e M2(k) is 
diagonalisable by a unitary matrix in an unramified extension ofk of dimension at most 
2. 
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In the proof below, we will use the relation of unitarity and orthonormality. For the 
precise argument, see ^ 

Proof. To begin with, suppose p = I [mod.4], or suppose p = 2) [mod.4] and k 4^ F^. 
Then there is a square root / of -1 in k. Set 



M := 



1 i 
i -1 



6 M2{k). 



Then one has 



1 i 
i -1 








but M 0. Therefore the minimal polynomial of M is not reduced and M is not diago- 
nalisable in an algebraic closure of k. 

On the other hand, suppose p = 3 [mod.4] and k = ¥p. Take a symmetric matrix 
M 6 M2(k), and set 



M 



a b 
b c 



a,b,c £ k. 



If a = c and b = 0, then M is a scalar matrix and hence is trivially diagonalisable by a 
unitary matrix. Suppose either a c ox b 0. The characteristic polynomial of M is 
P = - (a + c)T + ac - b^ e k[T], and its roots are 



a + c+^Jia + cy -4(ac-b'^) a + c +^j{a - cf + {Ibf ^ r . 

T = = eK := k{yj(a - cY + {Iby) 

Assume {a - + Q-bY = 0. Since either a c ox b Q, one has both a c and b 0. 
It follows 



2b 



a - c 



-1, 



but it contradicts the fact #{k'') = #k - \ = #¥,, - 1 = p - 1 = 2 [mod.4]. Therefore 
(a - cf + (2^?)^ 0, and P has two distinct roots. Thus M is diagonalisable in K. The 
eigenvectors are 



-2b 



(a - c) +^J{a-cf + {2bY 



,^2 



-2b 



(a - c) -^j{a-cf + {2bY 



If < |a -c| < IZ^I, then \\{2bT^ei\\ = \\(2b)-^e2\\ = 1. The reductions (2byeu(2brh2 e 
are obviously linearly independent because 



(2byei - (2b)-^e2 



a-c I 
y 2b ^ 



-1 

yj{a-cy-mh)^ 
2b 



a-c 
V 2b 



-1 

V(a-f)2+(2fc)2 
2b 





V(fl-c)2+(2fo)2 
2b 








63 



Therefore b~^ei,b~^e2 are orthonormal by [IBGRI . 2.5.1/3. If \a - c\ > \b\ > 0, then 
rearranging the signature of - c)^ + (2b)'^ so that \b\ = \\J(a - c)^ + {2bY - {a - c)\ < 
\sj{a - c)^ + ilbf- + (a - c)| = \a- c\, one has \{a - c)~^e\\ = \b~~^e2\ = 1. Indeed it is easy 
to show that 



(a - c) 'ei = 



^ 

V(fl-c)2+(2Z))2 



1 1 + 



{lb)~'e2 = 



-1 

ia-c)--\/ia-c)^+(2b)^ 
2b 



-1 

-2b 



, (a-c)+V(a-c)2+(2Z))2 , 



-1 





Obviously the reductions (a - c)~^ei,(2b)~^e2 are linearly independent, and hence (a - 
c)~^e\,{2by^e2 are orthonormal. We conclude that M has an orthonormal basis consists 
of eigenvectors, and hence is diagonalisable by a unitary matrix. □ 

Definition 8.4. Suppose k is a discrete valuation field with mixed characteristic (0, p), 
and fix a uniformiser nek. For a matrix M e M2{k), set 



M* 



1 
n 



'M 



1 

n-^ 



6 M2(k). 



Obviously one has M** = M, and hence it determines a k-linear involution * : M2{k) 
M2(k). Since the characteristic of k is not 2, the k-linear representation * is diagonal- 
isable. A matrix M e M2(k) is said to be ^-symmetric if it is M* = M , and to be 
*- antisymmetric if M* = —M. 

Proposition 8.5. In the situation above, the non-Archimedean involution * has the ad- 
joint property with respect to the symmetric inner product { ■ \ ■ ) we have defined in 
Proposition \8.2\ Suppose p i^2. Suppose a matrix 



M 



Ml M2 
M-i M4. 



e M2(k) 



is ^-symmetric or * -antisymmetric. The matrix M is diagonalisable, and more precisely, 
is diagonalisable by a unitary matrix in a totally ramified extension ofk of dimension at 
most 2 if and only if\Mi - M4I > IM2I. 

Proof. The adjoint property is obvious. Take a *-symmetric matrix M e M2(^). The 
equality M = M* implies that M is of the form 



M 



a b 
nb c 



,a,b,c e k. 



lfb = 0, then \Mi - M4I = \a-c\> = IM2I and trivially M is diagonalisable by a unitary 
matrix. Hence we may and do assume b 0. The discriminant of its characteristic 
polynomial is (a-c)^ +n{2bY, and is never by the calculation in the proof of Proposition 
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18.21 The same holds for M- /I for each A e k, and hence M is diagonalisable in the totally 
ramified extension ^(^/(a - c)^ + n(2by)/k. Here we rearrange the signature of the square 
root^/(a'^^cy'^-n(2by in the following way: If |a - c| > \2b\ > 0, set 



l+;r|^— ^1 ek = k(yj{a-cf + n{2by)). 



and if |a - c| < \2bn\ < \2b\, set 



V(a - c)2 + ;r(2Z7)2 := 2W^n + (^^) )' 6 '^(V^) = k {sj (a - c)^ + n(2by) 



for a fixed square root ^/n of n. Note that the convergent radius of the analytic function 
(1 + zY^^ is 1- because p i^2. The eigenvalues of M are 



a + c -(/(a - c)2 + ;r(2^)2 



and the corresponding eigenvectors are 



-2Z7 



{a - c) -^{a-cf +n{2bf 



,/-:= 



-2b 



{a - c) +^{a-cf + n{2bf 



ek\ 



We repeat the totally same process of the proof of Proposition I8.3[ To begin with, 
suppose \a - c\ > \2b\ > 0. Then \Mi - M4I > IM2I. Take the integer n 6 N with 
\(a - c)n"\ = \2b\ and set u := 2b I {a - c);r" e k"". One has 



A = 



-2b 



{a - c) -^{a-cf + n{2bf 



-2b 



(a-c) l-(l+;r(|^ 



2\2 



= {a-c)n'' 



-u 



f- 



-2b 

{a - c) +^{a-cf + n{2bf 



{a-cf-{(a-c)^+jT{2bf 



-2b 

~n(2bf 



(a-c) 



.-(■«(*)? j 



= 2bn~'\ 

(l-(l+H2ff2"+')*l 

Therefore ||((a - c);r")-'/+|| = \\{2bn-")-^fJ = 1 and 



((a-c)7r'r7+ = 



1 - (1 + 
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It follows that {{a - c)n")~^f+ and (2b)~^f- are linearly independent, and hence ((a - 
c)7r"y^f+ and {2bn~")~^f- are orthonormal by [BGR|, 2.5.1/3. Since M admits an or- 
thonormal basis consisting of eigenvectors, M is diagonalisable by a unitary matrix in a 
suitable field. 

On the other hand, suppose |a - c| < \2bn\ < \2b\. Then [Mi - M4I < IM2I and one has 



A = 



-2b 



= 2b 



f- 



(a - c) -V(a-c)2 + 7r(2Z?)2 
-1 

-2b 

(a - c) +yl{a-cf + n{2bf 



-2b 



{a-c)-2b^[l+[^)'] ^ 



-2b 



(a-c) + 2W^(l+(|^f) 



= 2b 



-1 



Therefore \\{2brU\\ = 1 and 



(2b)-^A 



i2by'f- 




{2b)-' U e k' 



It follows 



IIA - /_|| = \2b\\\(2br'f, - {2br'f.\\ < \2b\ = max{||/,||, ||/. 



and hence /+ and / are not orthogonal. Since M does not admit an orthogonal basis 
consisting of eigenvectors, M is not diagonalisable by a unitary matrix. □ 

The involution above is non-canonical because we used the adjoint property of a non- 
canonical symmetric inner product ( • | • ). The same construction of a non-canonical 
involution works for other non-canonical inner product. Here is another example. 

Definition 8.6. Suppose p = 3 [modA] and k = ¥p. Let K/k be the unramified Galois 
extension k\X\l{X^ -1- 1) and i e K the image ofX 6 k[X] the canonical projection k[X] 
K. Denote by g: K ^ K the unique non-trivial element. For a matrix M 6 M2{K), set 



M* := 'M^ e M2(K), 
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where the action of g on M2(K) is given through the action on the entries. Obviously 
one has M** = M, and hence it determines a k-linear involution * : MxiK) M2(K). 
Since the characteristic ofk is not 2, the k-linear representation * is diagonalisable. A 
matrix M e M2(K) is said to be ^-symmetric if it is M* = M , and to be *-antisymmetric 
ifM* = -M. 

Proposition 8.7. In the situation above, a matrix M G M2(K) which is *-symmetric or 
* -antisymmetric is diagonalisable by a unitary matrix in an unramified extension ofK of 
dimension at most 2. 

Proof. Take a matrix M € M2(^) which is *-symmetric or ^-antisymmetric. If M is 
♦-antisymmetric, then iM is *-symmetric, and hence we may and do assume M is *- 
symmetric. The equality M* = M implies that M is a matrix of the form 

M = I ^^,a,c £ k,b £ K. 

If b = 0, then trivially M is diagonalisable by a unitary matrix, and hence we may and 
do assume b 0. The discriminant of the characteristic polynomial of M is (a - c)^ -\- 
'^NKikib), where Nkir : ^ ^ ^ is the norm map given by setting NKjkif) = f^f £ k for 
each f £ K. One has the commutative diagram 

> X {\+K°°) > K"" > \K''\ > 



> /t^ X (1 + k°°) > yt^ > l/t^l > 

whose columns are exact sequences given by the multiplicative valuation | • | : A'^ ^ 
and the Teichmiiller embedding and whose rows are given by the norm maps. 

Note that even if the valuation of k is not discrete and even if one does not fixes a lift 
of the Frobenius, the Teichmiiller embedding works in the canonical way because the 
residue fields are finite. They consists of and roots of unity. The elementary number 
theory and the assumption k = ¥p imply the image of the norm map k^ is the 

subgroup (pp^ c Fp, and the restriction 1 -I- K°° \ +k°° of the norm map is surjective 
because the convergent radius of the square root function (1 -i- is 1-. Therefore the 
image of the first row is {k^f- x 1 + Be careful that in this proof, for a multiplicative 
Abelian group G, we denote by the subgroup of G consisting of square elements but 
not the direct product GxG. The image of the third row is p = Ik^f' c \k^ \ because the 
extension K/k is unramified, and hence the image NKik{K^) of the second row satisfies 
that the sequence 

> (I^)^ X (1 + k°°) > NKikiK"") |Fp > 
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is exact by the snake lemma. Considering the commutative diagram 



> (I^ X (1 + k°°)f 



> (k"")^ X (1 + k°°) 



-4 \k 



X|2 



-4 



-4 



0, 



one has NK/k(.K^) = (k^) . In particular, the discriminant (a - c) + ANKikib) is contained 
in {k^f- + {k'^y := {/j^ + \ f^fj e k} c k, and the subset does not contains e k 
by the proof of Proposition 18.31 It follows that the discriminant is never 0. The same 
holds for M - A for any A e k, and hence M is diagonalisable in the unramified extension 
Ki^J{a - cf + ANKik{b))IK. The eigenvalues of M are 



a + c ^j{a - cf + ANKikib) 



and the corresponding eigenvectors are 
-2b 

(a - c) -V(«-c)2+4A^;f/fc(Z7) 



./-:= 



(a - c) +V(^i(-c)2 + 4A^^/;t(Z7) 



We repeat the totally same process of the proofs of Proposition 18.31 and Proposition 
18.51 First, suppose \a- c\ > \2b\ > 0. Let n 6 N+ be the integer with |(a - c)n"'^^\ = \2b\ 
and set u := 4NK/k(b)/{a - cfn^'^*^ G k^. Here we rearrange the signature of the square 
xooi^{a - cY + 4-NK/k(b) in the following way: 



l(a - c)2 + 4NK/k(b) := (a - c) (l + un^"^^ ek = k{yj{a - cf + n{2bY)) . 
One has 



-2b 



{a - c) -^(a-cY + 4NK/k(b) 



-2b 



(a-c)l\-(\+NK/k(u)n^"^^) 



= (a - c)7t 



n+l 



f- 



-2b 



7t 



.n+l 



(a - c) +^{a-cY + ANKik{b) 



-2b 



{a-cf~(^a-cf+ANKikm 



-2b 



(a-c) 1-(1+iot2"+2)' 



(a - c) 



•n+l 



-UK 



|^l-(lW«+2)2j 

Therefore ||((a - c)Tf'^^y^fA = \\{a - c)/_|| = 1 and 



((a - c)7r"+i)~7+ 



\-{l+NKik{u)n^'"-^y- 







0\ 







ek' 
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It follows that ((a - c);r"+0"'/+ and (a - c)~^f^ are linearly independent and hence ((a - 
c)Tf^^^y^ f+ and (a - cy^f- are orthonormal by [BGR|, 2.5.1/3. Since M admits an or- 
thonormal basis consisting of eigenvectors, M is diagonalisable by a unitary matrix in a 
suitable field. 

Secondly, suppose <\a - c\ < \2b\. One has 



A = 
/- = 



-2b 



(a - c) -^j{a-cf + ANKik{b) 
-2b 



(a - c) +^j{a-cf + ANKik(b) 
Therefore \\{2br'm = \\(2b)-'M = 1 and 



2b 



= 2b 



a—c 
V 2b 



(2b)-'f- 



a—c 
V 2b 



-1 ^ ' 



2b 



V 2b 



-1 



+ 





1 












2b 


) 




1 


\ 










2b 





■In' 



n+l 



a-c , yl{a-':f+'^NKik(h) 
^ 2b 2b 



y/{a-c)^+4NK/k{h) 
2b 



-1 





-1 



2b 







It follows that (2by^f+ and (2by^f- are linearly independent and hence (2by^f+ and 
{2b)~^f- are orthonormal by [BGR|, 2.5.1/3. Since M admits an orthonormal basis con- 
sisting of eigenvectors, M is diagonalisable by a unitary matrix in a suitable field. 

Finally, suppose |a-c| = \2b\ > 0. Setw := 2b/(a-c)andv := {a-cy^^j{a - cY + 4-NK/kib). 
One has 



A = 
/- = 



-2b \ _ / -u 

{a-c)-y]{a-cy + ANKim ) ''^^l-v 

-2b \ _ / -u 

{a-c)+y]{a-cy + ANKik{b) ) ''^[l+v 



Therefore \\(a - cy^M = \\ia - cy^f-\\ = 1 and 



(a-c)-i/+ 



(a-c)-i/- = 




with M ^ and v 0. It follows that (a - c) and (a - c) are linearly independent 
and hence {a-cy^f+ and {a-cy^f- are orthonormal by [IBGRl . 2.5.1/3. Since M admits 
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an orthonormal basis consisting of eigenvectors, M is diagonalisable by a unitary matrix 
in a suitable field. □ 
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